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REAL NUMBERS

“When I consider what people generally want in
calculating, I found that it always is a number”
- Al-Khwarizmi

Al-Khwarizmi, a Persian scholar, is
credited with identification of surds as

something noticeable in mathematics.

He referred to the irrational numbers

as ‘inaudible’, which was later translated to the
Latin word ‘surdus’ (meaning ‘deaf’ or ‘mute’). In

Al-Khwarizmi mathematics, a surd came to mean a root (radical) that

(A D (CE) 780 - 850)

cannot be expressed (spoken) as a rational number.
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To know that there exists infinitely many rational numbers between two given
rational numbers.

To represent rational and irrational numbers on number line and express them in
decimal form.

To visualize the real numbers on the number line.

To identity surds.

To carry out basic operations of addition, subtraction, multiplication and division
using surds.

To rationalise denominators of surds.

To understand the scientific notation.

Introduction

Numbers, numbers, everywhere!
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Do you have a phone at home? How many digits does its dial have?
What is the Pin code of your locality? How is it useful?

When you park a vehicle, do you get a ‘token’? What is its purpose?
Have you handled 24 ‘carat’ gold? How do you decide its purity?
How high is the ‘power’ of your spectacles?
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< How much water does the overhead tank in
your house can hold?

< Does your friend have fever? What is his
body temperature?

You have learnt about many types of numbers so far.
Now is the time to extend the ideas further.

2.2 Rational Numbers

When you want to count the number of
books in your cupboard, you start with
1, 2, 3, ... and so on. These counting numbers 1,

2, 3, ..., are called Natural numbers. You know to

show these numbers on a line (see Fig. 2.1).

A

@ @ @ @ @ @ @ @ @ >

1 2 3 4 5 6 7 8 9

Fig. 2.1
We use N to denote the set of all Natural numbers.
N={123,...}
If the cupboard is empty (since no books are there). To denote such a situation we use the ®
symbol 0. Including zero as a digit you can now consider the numbers 0, 1, 2, 3, ... and call

them Whole numbers. With this additional entity, the number line will look as shown below

A
@ @ >

0 1 2 3 4 5 6 7 8 9

Fig. 2.2

We use W to denote the set of all Whole numbers.
W={0,1,2,3,... }

Certain conventions lead to more varieties of numbers. Let us agree that certain
conventions may be thought of as “positive” denoted by a ‘+” sign. A thing that is ‘up’ or
‘forward’ or ‘more’ or ‘increasing’ is positive; and anything that is ‘down’ or ‘backward’ or
‘less’ or ‘decreasing’ is “negative” denoted by a ‘-’ sign.

You can treat natural numbers as positive numbers and rename them as positive
integers; thereby you have enabled the entry of negative integers -1, -2, -3, ... .

Note that -2 is “more negative” than —1. Therefore, among -1 and -2, you find that -2 is
smaller and -1 is bigger. Are -2 and -1 smaller or greater than -3? Think about it.

The number line at this stage may be given as follows:

\
Y

< L 4 \ 4 L 4 L 4 @ A 4

4 -3 -2 -1 0 1 2
Fig. 2.3
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We use Z to denote the set of all Integers.

Z={..-3,-2,-1,0,1,2,3,... .

When you look at the figures (Fig. 2.2 and 2.3) above, you are sure to get amused by the
gap between any pair of consecutive integers. Could there be some numbers in between?

You have come across fractions already. How will you mark the point that shows Lon

2
.. ) 1 11 3
2% It is just midway between 0 and 1. In the same way, you can plot 3, 7, 27 ... etc.
These are all fractions of the form % where a and b are integers with one restriction that

b #0. (Why?) If a fraction is in decimal form, even then the setting is same.

Because of the connection between fractions and ratios of lengths, we name them as
Rational numbers. Here is a rough picture of the situation:

< ] ] ]
<

1
I I I
-7 -6 -5 -43-4 -3 -2 -1-05 0 05 1 2 3 4 485 6 7

Y

Fig. 2.4

A rational number is a fraction indicating the quotient of two integers, excluding division

by zero.

Since a fraction can have many equivalent fractions , there are many possible forms for

the same rational number. Thus % % % all these denote the same rational number.

2.2.1 Denseness Property of Rational Numbers

at+b

Consider a, b where a > b and their AM(Arithmetic Mean) given by =

a rational number? Let us see.

. Isthis AM

Ifa= g (p, g integers andg #0); b= % (r, s integers and s #0), then

+b_Ggt5_ pstar
a =1 = which is a rational number.
2 2 2gs

We have to show that this rational number lies between a and b.

a—<a+b>= 2a=a=b_a=b pihiss 0since asbh.

2 2 2
Therefore, a ><6H2_—b> .. (1)
(a—iz_—b>— p=49+ bz_ 2b _ a; b which is > 0 since a>b.
Therefore, (a_iz_ b) >b .. (2)
atb

From (1) and (2) we see that a >( ) >b, which can be visualized as follows:

2
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b

a+b
2
@ @

Fig. 2.5
Thus, for any two rational numbers, their average/mid point is rational. Proceeding
similarly, we can generate infinitely many rational numbers.

. Example 2.1 I ) )
Find any two rational numbers between - and 5.

2
Solution 1
: 1 2 _ 11 2\ _1/3+4\_1/7\_ 7
A rational number between 5 and 3= (2 3> 2( 6 ) 2(6) 12
: 1 7 _ 11,7 6+7\_1/13\_13
A rational number between 5 and 12 =2 <2 2) 2( B ) 2(12) 2
Hence two rational numbers between —~ and % are % and o (of course, there are

many more!)
There is an interesting result that could help you to write instantly rational numbers
between any two given rational numbers.

+
If P ind L are any two rational numbers such that g <, then 5 L sa rational number,

suchthat S §+S <S.

Let us take the same example: Find any two rational numbers between % and %
Solution 2
L2l clt2 2,103 2 g1 143 3 342 2,1 4,352

Solution 3

Any more new methods to solve? Yes, if decimals are your favourites, then the above
example can be given an alternate solution as follows:

1 _ 2 _
5 = 0.5 and 3= 0.66...

Hence rational numbers between L and % can be listed as 0.51, 0.57,0.58,...

2
Solution 4
There is one more way to solve some problems. For example, to find four rational
numbers between % and %, note that the LCM of 9 and 5 is 45; so we can write % = - and
3_27
5o 4 21 22 23 24
Therefore, four rational numbers between — and =are S, 5, o, o

9 45> 45> 45> 45> 7
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@ Exercise 2.1 ]

1. Which arrow best shows the position of = on the number hne?
A B
5 -4 -3 -2 -1 0 1 5
2. Find any three rational numbers between 1—17 and %
3. Find any five rational numbers between (i) Z and § (i) 0.1 and 0.11 (iii) -1 and -2
2.3 Irrational Numbers

are each 1 unit long. Using Pythagoras theorem, the hypotenuse can
J2 (see Fig. 2.6 ). Greeks found that this J/2 is neither

You know that each rational number is assigned to a point on the
number line and learnt about the denseness property of the rational numbers. 1
Does it mean that the line is entirely filled with the rational numbers and
there are no more numbers on the number line? Let us explore.

/2

Consider an isosceles right-angled triangle whose base and height 1

be seen having a length /1°+ 1° =
a whole number nor an ordinary fraction. The belief of relationship between points on the
number line and all numbers was shattered! /2 was called an irrational number.

Fig.2.6

An irrational number is a number that cannot be expressed as an ordinary ratio of two integers.

Examples

1.

‘ ‘ 2-Real Numbers.indd 45

Apart from J2,
produce a number of examples

one can

for such irrational numbers.
Hereareafew: \/g, ﬁ, 2\/5,...

11, theratio of the circumference
ofacircle to the diameter of that
same circle, is another example

for an irrational number.

e, also known as Eulers
number, is another common

irrational number.

GOLDEN RATIO (1:1.6)

The Golden Ratio has
been heralded as the

a b
most beautiful ratio in \—’—\/\/

art and architecture. a+b
atb:a=a:b

Take a line segment and
divide it into two smaller segments such that the
ratio of the whole line segment (a+b) to segment
a is the same as the ratio of segment a to the
segment b.
atb _a

b
Notice that ‘a’ is the geometric mean of a+b and b.

This gives the proportion

The golden ratio, also known as golden mean, or golden section, is a number often

stumbled upon when taking the ratios of distances in simple geometric figures such

as the pentagon, the pentagram, decagon and dodecahedron, etc., it is an irrational

number.

Real Numbers | 45
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2.3.1 Irrational Numbers on the Number Line

Where are the points on the number line that correspond to the irrational numbers?

As an example, let us locate /2 on the number line. This is easy.

Remember that /2 is the length of the diagonal of the square whose side is 1 unit

(How?)Simply construct a square and transfer the length of one of its diagonals to our

number line. (see Fig.2.7).

We draw a circle with centre at 0
on the number line,with a radius equal
to that of diagonal of the square. This
circle cuts the number line in two points,
locating /2 on the right of 0 and -2
on its left. (You wanted to locate /2 ;
you have also got a bonus in —v/2 )

You started with Natural numbers
and extended it to rational numbers
and then irrational numbers. You may
wonder if further extension on the
number line waits for us. Fortunately
it stops and you can learn about it in
higher classes.

Representation of a Rational
number as terminating and non
terminating decimal  helps us to

Fig.2.7

Squares on grid sheets can be used to
produce irrational lengths.

Here are a few examples :
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understand irrational numbers. Let us see the decimal expansion of rational numbers.

2.3.2 Decimal Representation of a Rational Number

If you have a rational number written as a fraction, you get the decimal representation
by long division. Study the following examples where the remainder is always zero.
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Consider the examples,

0.875 0.84 2.71875
8[7.000 25[21.00° 32[87.00000
64 200 64
60 [ 100 230
56 100 224
40 — 0 60
40 - 32
0 280
7 )1 | 256
g = 0.875 55 = 0.84 240
224
160
160
0
—87
=, = — 271875

AN
Note i

These show that the process could lead to a decimal with finite

number of decimal places. They are called terminating decimals.

Can the decimal representation of a rational number lead to forms of decimals that do not

terminate? The following examples (with non-zero remainder) throw some light on this point.

E le 2.2
'&I Represent the following as he reciprocals of Natural Numbers are

Rational numbers. It is interesting to note
their decimal forms. See the first ten.

Solution S.No. | Reciprocal Decimal
Representation
0.3636.... 0.1466...

decimal form (i) % (ii)%

11(4.0000 75(11.0000 ! % = 1.0 Terminating
33 | 75
70 350 2 1 N
-5 = 05
66 300 5 Terminating
40 >00 5 1_,3 Non-terminating
33 | 450 3 ' Recurring
70 500 4
66 450 % = 025 Terminating
4 50 SR
: : 5 =02 Terminating
Thus we see that, _1—14 = —0.36 % = 0146 6 1 - Non-terminating
— = 0.16 .
6 Recurring

Real Numbers | 47 |
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A rational number can be expressed by 7

I o Non-terminating
(i) either a terminating 7 : Recurring
(ii) or a non-terminating and recurring 8 % = 0.125 Terminating
(repeating) decimal expansion.
. . 1 _ = Non-terminating
The converse of this statement is also true. g = 0.1 Recurring
That s, if the decimal expansion of a number 19
. . . . . . — = 0.1 i i
is terminating or non-terminating and recurring, 0 0 Terminating

then the number is a rational number.

AN
Note i

In this case the decimal expansion does not terminate!

The remainders repeat again and again! We get non-terminating but recurring block of digits.

2.3.3 Period of Decimal

In the decimal expansion of the rational numbers, the number of repeating decimals is

called the length of the period of decimals.
For example,

(i) 2> — 3571428 has the length of the period of decimal = 6

7
(ii) 12T7O = 0.245 has the length of the period of decimal = 2
. Example 2.3 I )

Express the rational number -~ in recurring decimal form by using
the recurring decimal expansion of % Hence write % in recurring decimal form.
Solution

We know that % =0.3
Therefore, - = L X1 =1x0333..=0037037..= 0.037
bl 27 9 3 9 . ey . vee .
D9 55 543
Also, Y7 =25,=2+
— 1
=2+ (5%X57)

=2+ (5X0.037)=2+ (5X0.037037037...)= 2 + 0.185185...= 2.185185...= 2.185

2.3.4 Conversion of Terminating Decimals into Rational Numbers
Let us now try to convert a terminating decimal, say 2.945 as rational number in the

fraction form.
2.945 =2+ 0.945
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o4 244 L S
2.945 =2+ 75 % 700 T To00

900 ., 40 5
= 2% 7000 T 1000 " 100

Y
=2+ 7000
2945 589

= 1000 °F 200

o (making denominators common)

which is required

(In the above, is it possible to write directly 2.945 = %?)

l Example 2.4 I p
Convert the following decimal numbers in the form of PR where p

and g are integers and ¢ # 0: (i) 0.35 (ii) 2.176 (iii) - 0.0028

Solution
(i) 0.35 = 13;)—50 = %
() 2176 =308 = 52
(ii)) ~0.0028 = oo = 5ol

2.3.5 Conversion of Non-terminating and recurring decimals into Rational Numbers

It was very easy to handle a terminating decimal. When we come across a decimal

® such as 2.4, we get rid of the decimal point, by just divide it by 10. ®
Thus 2.4 = %, which is simplified as % But, when we have a decimal such as 2.4 ,

the problem is that we have infinite number of 4s and hence will need infinite number of Os

in the denominator. For example,

— 4+ 4
2.4 =2+,

—y4 4 4
244 =2+ 15" 100

o,y 4, 4 4
2444=2+ 35+ 700+ 1000

How tough it is to have infinite 4’s and work with them. We need to get rid of the
infinite sequence in some way. The good thing about the infinite sequence is that even if we
pull away one , two or more 4 out of it, the sequence still remains infinite.

Let x=2.4 (1)

Then, 10x =24.4 ...(2) [When you multiply by 10, the decimal moves one
place to the right but you still have infinite 4s left over).

Subtract the first equation from the second to get,

9x = 24.4 - 2.4 = 22 (Infinite 4s subtract out the infinite 4s and the left out is
24 -2 =22)

Real Numbers | 49 N

‘ ‘ 2-Real Numbers.indd 49 @ 26-12-2019 13:34:57‘ ‘



www.tntextbooks.in

22
x =

9 the required value.

We use the same exact logic to convert any number with a non terminating repeating
part into a fraction.

. Example 2.5 I
Convert the following decimal numbers in the form of

g(p,quandq;éO)-

(i) 0.3 (ii)2.124  (iii) 0.45 (iv) 0.568

Solution
(i) Let x=0.3 =0.3333... (1)
(Here period of decimal is 1, multiply equation (1) by 10)
10 x = 3.3333... (2)
2)-(1): 9x=3 or x:%
(ii) Let x = 2.124 =2.124124124... (1)

(Here period of decimal is 3, multiply equation (1) by 1000.)

1000 x = 2124.124124124... (2)

) 3 2122

(2)-(1): 999 x = 2122 X =555
(iii) Let x = 0.45 = 0.45555... (1)

(Here the repeating decimal digit is 5, which is the second digit after the decimal
point, multiply equation (1) by 10)

10 x = 4.5555... (2)

(Now period of decimal is 1, multiply equation (2) by 10)

100 x = 45.5555... (3)
) _ _ 41
3)-(2): 90x=41 or x= 90
(iv) Letx = 0.568 = 0.5686868... (1)

(Here the repeating decimal digit is 68, which is the second digit after the decimal
point, so multiply equation (1) by 10)

10 x = 5.686868... (2)
(Now period of decimal is 2, multiply equation (2) by 100)
1000 x = 568.686868... (3)

) _ _ 563
(3) - (2): 990 x =563 or x = 990 -

I 50 | 9 Standard Mathematics
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AN
Note i

To determine whether the decimal form of a rational number will terminate or non - terminate,

we can make use of the following rule

p

7 1 # 0 can be expressed in the form where p €7 and

P
2m X 511 b
m,n € W, then rational number will have a terminating decimal expansion. Otherwise,

If a rational number

the rational number will have a non- terminating and recurring decimal expansion

. Example 2.6 I
Without actual division, classify the decimal expansion of the

following numbers as terminating or non — terminating and recurring

.\ 13 . —71
@ 64 () 725 (i) 375 () o
Solution
13 _ 13
(@ &4 = 20 So = has a terminating decimal expansion.
—-71 _ =71
(b) 125 = 5 So 2= 125 has a terminating decimal expansion.
(c) % = 31‘;353 , So ﬁ has a non - terminating recurring decimal expansion.
® (d) 43010 = 243;152 , Som has a terminating decimal expansion.
. Example 2.7 I - 1=0.9999...
Verify that 1=10.9 7 =6.9999. ..
Solution 3.7 =3.6999...
Let x=0.9 =0.99999... (1)

(Multiply equation (1) by 10)
10 x = 9.99999... (2)
Subtract (1) from (2)

9%=9 or x=1

The pattern suggests that

any terminating decimal
can be represented as a non-
terminating and recurring

decimal expansion with an

7 endless block of 9.
Thus, 0.9 =1
@ Exercise 2.2 ]
1. Express the following rational numbers into decimal and state the kind of decimal expansion
N 2 . oy 22 2
(i) 2 (i) =5 (iii) 2 (i) 2o
2. Express 75 1 5 in decimal form. Find the length of the period of decimals.

‘ ‘ 2-Real Numbers.indd 51 @
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3. Express the rational number 3173 in recurring decimal form by using the recurring

decimal expansion of 1IT Hence write % in recurring decimal form.
4.  Express the following decimal expression into rational numbers.

(i) 0.24 (i) 2.327 (iii) -5.132

(iv) 3.17 (v) 17.215 (vi) —21.2137

5.  Without actual division, find which of the following rational numbers have terminating
decimal expansion.

L7 21 9 . 219
(1) 178 (i) 75 (iif) 435 (V) 5200

2.3.6 Decimal Representation to Identify Irrational Numbers

It can be shown that irrational numbers, when expressed as decimal numbers, do not
terminate, nor do they repeat. For example, the decimal representation of the number n
starts with 3.14159265358979..., but no finite number of digits can represent n exactly, nor
does it repeat.

Consider the following decimal expansions:

(i) 0.1011001110001111... (i) 3.012012120121212...
(iii) 12.230223300222333000... (in) /2 = 1.4142135624...

Are the above numbers terminating (or) recurring and non- terminating? No... They
are neither terminating, nor non-terminating and recurring. Hence they are not rational

numbers. They cannot be written in the form of g ,where p, ¢ ,€7 and ¢ #0. They are

irrational numbers.

A number having non- terminating and non- recurring decimal expansion is an irrational number.

l Example 2.8 I
Find the decimal expansion of J3 .

Solution

We often write /2 = 1.414,

1.7320508...
1{3.00,00,00,00,00,... ﬁ = 1.732, m = 3.14 etc. These
1 are only approximate values and
271200 not exact values. In the case of
189 the irrational number m, we take
43 11%)%% frequently % (which gives the
3462 7100 value 3.142857) to be its correct
6924 value but in reality these are
346405 1760000 L L
1732025 only approx1mat%ons. ThlS' is
34641008 979750000 becaus.e, t}.le decimal expansion
277128064 of an irrational number is non-
2621936 terminating and non-recurring.
None of them gives an exact value!
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Thus, by division method, +/3 = 1.7320508...

It is found that the square root of every positive non perfect square number is an
irrational number. /2,+/3,./5,v6,+/7, ... are all irrational numbers.

l E le 2. I
xample 2.9 Classify the numbers as rational or irrational:

(i) /10 (i) v/49 (iii) 0.025  (iv) 0.76 (v) 2.505500555...  (vi) @

Solution
(i) V10 is an irrational number ( since 10 is not a perfect square number).

(i) 49 =7= %, a rational number(since 49 is a perfect square number).

(iii) 0.025 is a rational number (since it is a terminating decimal).

(iv) 0.76 = 0.7666.... is a rational number ( since it is a non - terminating and
recurring decimal expansion).

(v) 2.505500555.... is an irrational number ( since it is a non - terminating and
non-recurring decimal).

V2 V2 1.

vi = = is an irrational number ( since 2 is not a perfect square
R T R ( perfect sq
® number). @

AN
Note i

The above example(vi) it is not to be misunderstood as g form, because both p and q must

be integers and not an irrational number.

. Example 2.10 I
Find any 3 irrational numbers between 0.12 and 0.13 .

Solution

Three irrational numbers between 0.12 and 0.13 are

0.12010010001..., 0.12040040004..., 0.12070070007...

AN

We state (without proof) an important result worth remembering.

If ‘@ is a rational number and /b is an irrational number then each one of the
following is an irrational number:

@a+/bs  (a-vbs  (Gi)avb; () s (v)@.
For example, when you consider the rational number 4 and the irrational numbery/5,

then 4+./5 ,4-.)5,4/5 ’\/45 ,‘/f ... are all irrational numbers.

Real Numbers | 53
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l Example 2.11 I
Give any two rational numbers lying between 0.5151151115.... and

0.5353353335...
Solution Two rational numbers between the given two irrational numbers are 0.5152 and 0.5352

. BT 22 I Find whether x and y are rational or irrational in the following.

(i)a=2+/§,b=2—\/§;x=a+b,y=a—b

(ii)a=v2+7,b=V2—-7; x=a+b, y=a—b N
(i) a= 75, b=4/3; x=ab, y="2 -!E_

From these
(iv)a= 18, b=3; x=ab, y= % examples, it is clear that the sum

difference, product, quotient of any two
Solution

(i) Giventhata=2+/3,b=2-3
x=a+b=02+V3)+(2-/3)=4,

a rational number.

y=a-b=02+ V3)-(2-y3) =23, an irrational number.

irrational numbers could be rational or
irrational.

(ii) Giventhat a=2+47,b=.2-7
x=a+b=(/2+7)+(y/2-7) =22 , an irrational number.
y=a-b=(/2+7)-(y/2-7) =14, a rational number.

(iii) Given that a= .75, b=.,3
x=ab= /75X /3 =,/75X3 = /5X5X3X3 =5X3=15, a rational number.

y= %: ‘/E: /73—5 = /25 = 5, rational number.

(iv) Giventhata= .18, b=3

x=ab=,18 X3 =,/18X3=,/6X3X3=3,/6, an irrational number.

a_ Y18 _ /18 _ N
y=1 =7 /5 = /6, an irrational number.

. Example 2.13 I
Represent /9.3 on a number line.

Solution
< Draw aline and mark a point A on it.
< Mark a point B such that AB = 9.3 cm.
< Mark a point C on this line such that BC =1 cm.
< Find the midpoint of AC by drawing perpendicular bisector of AC and let it be O
<  With O as center and OC = OA as radius, draw a semicircle.
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< Draw aline BD, which is perpendicular to AB at B.
2 Now BD = 9.3, which can be marked in the number line as the value of

BE=BD= .93
/N g
e}
3
cm| 10cm >
0 1 2 3 4 b 6 7 8 9 10
A 0 B= C E
: 9.3cm\/ Fig.2.8 : @cm
/N

@ Exercise 2.3 ]

1. Represent the following irrational numbers on the number line.

(i) V3 (i) V4.7 (i) V6.5
2. Find any two irrational numbers between

(i) 0.3010011000111....and 0.3020020002.... (i) g and % (iii) v2 and /3
3. Find any two rational numbers between 2.2360679..... and 2.236505500....

2.4 Real Numbers
The real numbers consist of all the rational numbers and all the irrational numbers.
Real numbers can be thought of as points on an infinitely long number line called the
real line, where the points corresponding to integers are equally spaced.

Real Numbers

v

Rational Irrational

Numbers

\ v l
o Non-terminating Non-terminating
Terminating . .
and Recurring and non-recurring
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Any real number can be determined by a possibly infinite decimal representation, (as we
have already seen decimal representation of the rational numbers and the irrational numbers).

2.4.1 The Real Number Line

Visualisation through Successive Magnification.

We can visualise the representation of numbers on the number line, as if we glimpse
through a magnifying glass.

. Example 2.14 I
Represent 4.863 on the number line.

Solution
4.863 lies between 4 and 5(see Fig. 2.9)
(i) Divide the distance between 4 and 5 into 10 equal intervals.
(ii) Mark the point 4.8 which is second from the left of 5 and eighth from the right of 4
(iii) 4.86 lies between 4.8 and 4.9. Divide the distance into 10 equal intervals.

(iv) Mark the point 4.86 which is fourth from the left of 4.9 and sixth from the right of 4.8

(v) 4.863 lies between 4.86 and 4.87. Divide the distance into 10 equal intervals.

(vi) Mark point 4.863 which is seventh from the left of 4.87 and third from the right of
4.86.

A
[
<
<
[
[
' g
<
[
\
L
[
Y

N

Y

- ~
- .~

4.8§9,4’.8€1 4.862 4.863 4.864 4.865 4.8066 4.867 4.868 4.869 ~‘4‘870

<
«<

. Example 2.15 I B Fig. 2.9
Represent 3.45 on the number line upto 4 decimal places.

Solution
3.45 = 3.45454545. ...

I 56 | 9 Standard Mathematics
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= 3.4545 ( correct to 4 decimal places).

The number lies between 3 and 4

L — -
ES3615
4 -3 2 -1 0 1 27 3 4%, 5 6
30..--31 32 33 34 35 36 37 38 39 40
340.-341 342 343 344 345 346 347 348 3.4%-.3.50
3.450.-3751 3452 3453 3454 3455 3456 3457 3458 3.459 “~3.460

-
. ~

3.4?4‘0"3.4541 3.4542 3.4543 3.4544 3.4545 3.4546 3.4547 3.4548 3.45219“\}4550

A
Y

Fig. 2.10

@ Exercise 2.4 ]

1. Represent the following numbers on the number line.

(i) 5.348 (ii) 6.4 upto 3 decimal places.  (iii) 4.73 upto 4 decimal places.

2.5 Radical Notation i
Let n be a positive integer and rbe a real number. If Note
r" = 1, then ris called the n'™ root of z and we write It is worth spending some
(‘/; =r time on the concepts of the
The symbol Q/_ (read as n™ root) is called a radical; square root’ and the ‘cube

n is the index of the radical (hitherto we named it as root; for better understanding

exponent); and z is called the radicand. of surds.

Real Numbers | 57 |
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What happens when n = 22 Then we get 7? = 1, so that ris 3o , our good old friend,
the square root of z. Thus %/E is written as V16 , and when n =3, we get the cube root of z,

namelyi’/; . For example, Y8 is cube root of 8, giving 2. (Is not 8 = 2%?)
How many square roots are there for 4? Since (+2)x(+2) @

=4 and also (-2)x(-2) = 4, we can say that both +2 and -2 are Thinking Corner

square roots of 4. But it is incorrect to write that \/Z: +2.
Which one of the
This is because, when n is even, it is an accepted convention to ..
following is false?
reserve the symbol Wz for the positive n™ root and to denote
(1) The square root of

the negative n™ root by —’\l/; . Therefore we need to write 9is 3 or -3

\/Z:Z and—\/ZZ—Q. ) \/523

When n is odd, for any value of z, there is exactly one real \/_
n'" root. For example, §/§: 2 and Y—32=—2. (3) V9 =-3
(4) V9 =23

2.5.1 Fractional Index

Consider again results of the form r = e .

In the adjacent notation, the index of the radical (namely | Root Index  Radical Symbol
n which is 3 here) tells you how many times the answer (that
. o . . 64 =4
) is 4) must be multiplied with itself to yield the radicand. Ve )
To express the powers and roots, there is one more way Radican Number

of representation. It involves the use of fractional indices.
1

We write Yz as z".

With this notation, for example
1 1

$64 is 64% and 25 is 252
Observe in the following table just some representative patterns arising out of this new acquaintance:

Radical Notation | _Index Notation

20=64 9= 964 9 — 642‘ 2 is the 6™ root of 64

25 =32 2-3[32 9 — 32; 2 is the 5™ root of 32

2'=16 2=416 9 — 16i 2 is the 4™ root of 16

2'=8 = %/g 2 = 8; IZnLSaL}ilz; l;biz iﬁ:t?)?dfriot of 8

B 2=1/4 or simply % 2 is the square root of 4
2:\/1 2=4 meaning 2 is the 2" root of 4
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E le 2.16
.&I Express the following in the form 2":

()8 ()32 (i) i (iv) V2
Solution

(i) 8 =2x2x2; therefore 8 = 2

(v) 8.

(i) 32=2x2x2x2x2 = 2 (iii) 1o 1 1 4
2x2 9P
(iv) V2 = 2'/2
1’ 3
(v) V8 = V2x\2x+2 = 22| which may be written as 2°
m
Meaning of £ " , (where m and n are Positive Integers)

m

the n'" root of z.

We interpret " either as the n™ root of the m™ power of z or as the m!" power of

m 1 1
In symbols, " =(x™)" or ()" = W or (Q/;)m
-2
E le 2.17 2 3
.&l Find the value of (i) 81' (i) 64 °

Solution
5

(i) 81% = (4 81)5
)

(i) 643

1 1
5 - = — (How?) = m
o0 (You 1

@ Exercise 2.5 ]

1. Write the following in the form of 5™

(i) 625 (ii) % (i) \/5
2. Write the following in the form of 4"
(i) 16 (ii) 8 (iii) 32
3. Find the value of
1 2 =3
(i) (49)2 (i) (243)5 (iii) 9 2

4. Use a fractional index to write:

@ 5 Gi) Y7 (iif) (%)5

‘ ‘ 2-Real Numbers.indd 59
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(iv) V125

(iv) [

7
1 ]
J10
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5. Find the 5" root of

(i) 32 (ii) 243 (iii) 100000 (iv) %

3125
2.6 Surds

Having familiarized with the concept of Real numbers, representing them on the
number line and manipulating them, we now learn about surds, a distinctive way of

representing certain approximate values.

Can you simplify \/Z and remove the \/7 symbol? Yes; one can replace \/Z by the

1 1
number 2. How about \/g ¢ It is easy; without \/_ symbol, the answer is 3 What about

v/0.01 2. This is also easy and the solution is 0.1

1
In the cases of \/Z g and v0.01, you can resolve to get a solution and make sure

that the symbol J s not seen in your solution. Is this possible at all times?

Consider v18. Can you evaluate it and also remove the radical symbol? Surds are
unresolved radicals, such as square root of 2, cube root of 5, etc.

They are irrational roots of equations with rational coefficients.

A surd is an irrational root of a rational number. /@ is a surd, provided n e N, n > 1, ‘a’
is rational.

Examples : \/5 is a surd. It is an irrational root of the equation 2? = 2. (Note that
r* - 2 = 0 is an equation with rational coefficients. V2 is irrational and may be shown as

1.4142135... a non-recurring, non-terminating decimal).
1

io’/g (which is same as 3”) is a surd since it is an irrational root of the equation

2 -3 =0. (\/gis irrational and may be shown as 1.7320508... a non-recurring,
non-terminating decimal).

You will learn solving (quadratic) equations like 2? - 62+ 7 = 0 in your next class. This

is an equation with rational coeflicients and one of its roots is 3+ \/5 , which is a surd.

/ 1 1
Is % asurd? No; it can be simplified and written as rational number = How about

1 2
4 8—? ¢ Itis not a surd because it can be simplified as 3

The famous irrational number 77 is not a surd! Though it is irrational, it cannot be
expressed as a rational number under the J symbol. (In other words, it is not a root of any

equation with rational co-efficients).
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Why surds are important? For calculation purposes we assume approximate value as
\/5 = 1.414,\/5 = 1.732 and so on.

(\/5)2 — (1.414) =1.99936 = 2 ; (\/5)2 — (1.732) = 3.999824 = 3

Hence, we observe that \/5 and \/g represent the more accurate and precise values than
their assumed values. Engineers and scientists need more accurate values while constructing
the bridges and for architectural works. Thus it becomes essential to learn surds.

1. Which is the odd one out? Justify your answer.

i) /36, g Vi, Viaa, ¥32, Vi2o
@) 5. i 95 BasE S \/%

2. Are all surds irrational numbers? - Discuss with your answer.

3. Are all irrational numbers surds? Verify with some examples.

2.6.1 Order of a Surd
The order of a surd is the index of the root to be extracted. The order of the surd Q/E

is n. What is the order of é/@ ? Ttis 5.

Surds can be classified in different ways:

(i) Surds of same order : Surds of same order are surds for which the index of the root to

be extracted is same. (They are also called equiradical surds).

3
For example, \/E , a?, % are all 2" order (called quadratic) surds .

1
{,/g’ J(x —2), (ab)® areall 3 order (called cubic) surds.

2
\/g, %, % and 8° are surds of different order.

(ii) Simplest form of a surd : A surd is said to be in simplest form, when it is expressed
as the product of a rational factor and an irrational factor. In this form the surd has
(a) the smallest possible index of the radical sign.
(b) no fraction under the radical sign.

(c) no factor is of the form a”, where a is a positive integer under index n.

| T T ] ® (. T
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Example 2.18
'p_l Can you reduce the following numbers to surds of same order :

(i) V3 Gi) 43 (i) /3

Solution
1 1 1
(i)y/3 = 32 (i) 3 =3¢ Gii) %3 =3°
6 3 4
_5p _3n a2
_ 1236 _ 1233 _ 1234

The last row has surds of same order.

. Example 2.19 I

1. Express the surds in the simplest form: i) Js8 i) /192
2. Show that %/? > %.

Solution

® 1. (i) \/g = [4x2 = 2\/5 @
i) $192= Yaxaxax3 =4if3

5 Y7 = ¥~ daa0n
13
5 =5' =52 = {5 = 9125
2401 > ¥125

Therefore, %/? > Z\L/g .

(iii) Pure and Mixed Surds : A surd is called a pure surd if its coefficient in its simplest form
is 1. For example, \/g , %/g , %/? , % are pure surds. A surd is called a mixed surd if

its co-eflicient in its simplest form is other than 1. For example, 5\/§ , 2 é/g , 3 % are
mixed surds.

(iv) Simple and Compound Surds : A surd with a single term is said to be a simple surd.

For example, J3 , 25 are simple surds. The algebraic sum of two (or more) surds is

called a compound surd. For example, \/3—1—3\/5,\/5—2\/?, 5 — 72 + 643 are
compound surds.
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(v) Binomial Surd : A binomial surd is an algebraic sum (or difference) of 2 terms both of
which could be surds or one could be a rational number and another a surd. For

example, %— \/E , 0+ 3\/5 , \/g —2+4/7 are binomial surds.

. E le 2.20 I
Xampie Arrange in ascending order: %/57 %/27 %

Solution
The order of the surds %/5, %/Z and %/g are 3, 2, 4.

L.CM.of3,2,4 =12.

1 4 1 6
3o = |23 | = 212]1\2/271% : %/1[42][412]1\2/4761\2/4096

1 3

3 =31 = 312]—1233 = 27
The ascending order of the surds %/5, (l/g, %/Z is 16 < 1\2/5 < K4096

that is, %/5,%/5,%/1.

® 2.6.2 Laws of Radicals ®

For positive integers m, nand positive rational numbers aand b, itis worth remembering
the following properties of radicals:

S.No. Radical Notation Index Notation
1. -
() == E
a
2 N tfaxtb =vab = L
Eﬂ%ﬁ:ﬁi -
3.
Wifa = "o = Y (1); 1 (1)1
a a

Yol _ fa .
A

We shall now discuss certain problems which require the laws of radicals for simplifying.

E le 2.21 Y
' xamp-¢ _I Express each of the following surds in its simplest form (i) Y108

-2
(ii) § (1024) and find its order, radicand and coefficient.
Real Numbers | 63 |GG
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Solution

(i) 3108 =327 x4

—i3° x4

— %/373 X %/Z (Laws of radicals - ii)

=3X Q/Z ( Laws of radicals- i)

order = 3; radicand = 4; coeflicient = 3

(i) {(1024)” = i/(f’ 2% %2 x 2)_

— i/(23><23><23><2)

92 2
:SX%] :% x[
@
_ 11
64 \ 4

(These results can also be obtained using index notation).

AN
e B

Consider the numbers 5 and 6. As 5 = \/% and 6 = \/%

Therefore, \/%, \/E, \/%, \/%, \/%, \/5, \/3—2, \/5, \/3—4, and \/% are surds

between 5 and 6.

Consider 3\/5 = \/32 X2 = \/E, 2\/5 = \/22 X3 = \/E
Therefore, \/ﬁ , \/B, \/ﬂ, \/B are surds between 2\/5 and 3\/5 .

2.6.3 Four Basic Operations on Surds

2

—2
[Laws of radicals - (i)]

1

{,/5

—2
= {’/273 X ?\’/273 X §/273 X %/5} [Laws of radicals - (ii)]

)
=[2X2x2X {’/5] [Laws of radicals — (i)]
]2

order= 3; radicand = l ; coefficient = i
4 64

W W W NN

[\STRNN NS TR (ST \C T (ST (T (SR (SR (R S

108

1024
512
256
128

64
32
16

[\

p—

(i) Addition and subtraction of surds : Like surds can be added and subtracted

using the following rules:

&b + b = (a £ C)%, where b > 0.
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E le 2.22
l Xample I (i) Add 3\/? and 5\/? . Check whether the sum is rational or

irrational. (ii) Subtract 4\/3 from 7\/3. Is the answer rational or irrational?
Solution

(i) 3\/? + 5\/? =3+ 5)\/; = 8\/? . The answer is irrational.
(ii) 75 — 45 = (7— 4)\/5 — 345 The answer is irrational.

E le 2.23
'&I Simplify the following:

() V63 — V175 +28 (i) 2840 + 33/625 — 43/320

Solution

(D) V63 V175 +428 =\ox7 =255 7 +4x7
= 3J7 - 57 + 27
— (37 +247) - 57

= 57 - 57

—0

® (i) 2810 + 3%625 — 4320 ©
—2¥8x5+3%125x5 — 464 x5
982" x5 +3%5° x5 — 4 4% x5
—2x 25 +3x 535 -4 x 435
—4%5 +15%5 —16%5
—(4+15-163%5 =35

(ii) Multiplication and division of surds

Like surds can be multiplied or divided by using the following rules:

Multiplication property of surds Division property of surds

(i) %X%:% (iii) @—nﬁ
oy \ob
(ii) G%XC%:QCW a(L/g .
where b,d > 0 (iv) = —1/— where b,d > 0
, 07\1/5 c\Nd

Real Numbers | ¢
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l Example 2.24 I

Multiply 440 and 16.
Solution

%x{’/r:(\/32><2x2x ) ><(\3/2><2><2><2)
= (2x%)x(2x§/§) (%x%) = 4xm
— 4310

. Example 2.25 I

Compute and give the answer in the simplest form: 2 J72x5+/32 x 3+/50

Solution

Let us simplify:
72><5\/3_2 X 3\/5_: (2><6\/5)>< (5><4\/§) X (3><5\/§) \/_ P \/_
72:‘/36 2=06
:2><5><3><6><4><5><\/§><\6><\/§ -

V32 = fi6x2 =442
— 3600x22
— 720082 V50 =252 =52

® ®
. Example 2.26 I

Divide {8 by %6 .

Solution
s 89
T — (Note that 18 is the LCM of 6 and 9)
6 6 G
2
18
= 8— (How?)
18
6 N 1 {é} :

6 6x6x6 Is it interesting to see this pattern ?

1 L 1 [ { [ /
SE 2318 26 2 4i:4iand 5&;5&
= | = == == = §|— 15 15 24 24

Verity it. Can you frame 4 such new
surds?
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Take a graph sheet and mark O, A, B, C as follows.

AY
S In the square OABC,
OA = AB = BC = OC = lunit
i 5 Consider right angled AOAC
e AC =\1* +1°
: . \\ c - = V2 unit [By Pythagoras theorem]
Xgb (O] Jos |1 [a5] 2 X
i The length of the diagonal (hypotenuse)
v A= \/5 , which is a surd.
Y/

Consider the following graphs:

A AY
3 C B 3 c B
> \/7 \\\
o5 N\ : 2.5 h
2 S .
M <
N 2 N
2 N
3 N
: NIRRT,
115 \\ﬁ 315 i
\\\ .
« D 1 \\
1 4
3t M
N
0.5 \\ \/5 0.5 >
LS ‘\\
B A 55 \ s JA t
B D SIS IHHD OGN SRS R S R
-05 -0.5 ‘:,’
Y . i Y i

Let us try to find the length of AC in two different ways :

AC= AD + DE + EC AC :\/OA2+OC’2:\/32—|—32

(diagonals of units squares)

i = o+9

AC = /18 unit
A = 3\/5 units \/7un1 °

Are they equal? Discuss. Can you verify the same by taking different squares of different

lengths?

Real Numbers | 7 S
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@ Exercise 2.6 ]

1. Simplify the following using addition and subtraction properties of surds:

@ 53 + 183 —24/3 Gi) 435 + 235 — 335
(iii) 3475 + 5v/48 — /243 (iv) 5340 + 23625 — 33320

2. Simplify the following using multiplication and division properties of surds:

D3 x V5 x V2 (i) V35 = 7 Gii) 327 x 38 x 125

w0 (Va5 (a+sa) o (B [ 1O

3. If N2 =1.414, V3 = 1.732,4/5 = 2.236,4/10 = 3.162, then find the values of the
following correct to 3 places of decimals.

(i) V40 —~20 (ii) 300 ++/90 — /8
4. Arrange surds in descending order : (i) io’/g, 2/1,\6/5 (ii) %/% , %/% ,\/E

5. Can you get a pure surd when you find

(i) the sum of two surds (ii) the difference of two surds
(iii) the product of two surds (iv) the quotient of two surds
Justify each answer with an example.

6. Can you get a rational number when you compute
(i) the sum of two surds (ii) the difference of two surds
(iii) the product of two surds (iv) the quotient of two surds

Justify each answer with an example.

2.7 Rationalisation of Surds
Rationalising factor is a term with which a term is multiplied or divided to make the
whole term rational.

Examples:

(i) \/g is a rationalising factor of \/5 (since\/g X \/g = the rational number 3)

(ii) (/574 is a rationalising factor of (/573 (since their product = Z/;7 =25, arational)

Thinking Corner @-

1. In the example (i) above, can \/E also be a rationalising factor? Can you think of
any other number as a rationalising factor for/3 2

2. Can you think of any other number as a rationalising factor for U5” in example (ii) ?
3. If there can be many rationalising factors for an expression containing a surd, is there
any advantage in choosing the smallest among them for manipulation?
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||||| Progress Check

Identify a rationalising factor for each one of the following surds and verify the

same in each case:

G) V18 (ii) 5412 (iii) 349

(iv) %

2.7.1 Conjugate Surds

Can you guess a rationalising factor for 3 + J2? This surd has one rational part and

one radical part. In such cases, the rationalising factor has an interesting form.

A rationalising factor for 3 + \/5 is 3 — \/5 . You can very easily check this.

oo =) -]

= 7, a rational.

What is the rationalising factor for a + \/Z where a and b are rational numbers? Is it
b ¢ Check it. What could be the rationalising factor for Ja ++/b where a and b are

rational numbers? Is it va — b ? Or, is it a —I—\/g ¢ Investigate.

Surds like a _{_\/Z and a—\/g are called conjugate surds. What is the conjugate of
Jb+a? Itis —Jb+a. Youwould have perhaps noted by now that a conjugate is usually ®

obtained by changing the sign in front of the surd!

Example 2.27
'LI Rationalise the denominator of (i)

Solution

T
Ji4

5+43
5-3

(i) Multiply both numerator and denominator by the rationalising factor Ji4 .

77@7J_J_
NTERN TN 2

- 3 (5+J_) (5+J§):(5+J§)2
[5-+5) (5+J§) 5 — (V5]
52+(\/§)2+2><5><\/§

(ii)

o — 3

25— 3
C25+3+10V3 284103 2x[14+ 53]

22 22 22
14453

11
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@ Exercise 2.7 ]

1. Rationalise the denominator
(i) —1 (ii) —5 (iii) \/%
J50 345 Jis

2. Rationalise the denominator and simplify

L, VB L e
s N
NG 5

(iii)

(iv) 3

o

J6

J5

—_— (iv)
35 — 246

3. Find the value of a and b if \/?_2 :a\/;—kb

J7 42

4, If x = \/g + 2, then find the value of o+ %
x

8 —5v2

322

5. Given \/5 = 1.414, find the value of

Jo+2 62

(to 3 places of decimals).

2.8 Scientific Notation

Suppose you are told that the diameter
of the Sun is 13,92,000 km and that of the
Earth is 12,740 km, it would seem to be a
daunting task to compare them. In contrast, if
13,92,000 is written as 1.392 x10° and 12,740
as 1.274x10% one will feel comfortable. This

sort of representation is known as scientific notation.

1.392 - 10° 14

2
Since—— = — 10" =108,
1.274. 100 13

You can imagine 108 Earths could line up across the face of the sun.

BBZAXS

Scientific notation is a way of representing numbers that are too large or too small, to be

conveniently written in decimal form. It allows the numbers to be easily recorded and handled.

2.8.1 Writing a Decimal Number in Scientific Notation
Here are steps to help you to represent a number in scientific form:

(i) Move the decimal point so that there is only one non-zero digit to its left.

(ii) Count the number of digits between the old and new decimal point. This gives

‘n’, the power of 10.

I 70 | 9+ Standard Mathematics

‘ ‘ 2-Real Numbers.indd 70 @

26-12-2019 13;35:35‘ ‘



| T T ] ® CH ||

— www.tntextbooks.in —

(iii) If the decimal is shifted to the left, the exponent # is positive. If the decimal is
shifted to the right, the exponent # is negative.

Expressing a number NN in the form of N = a x 10" where, 1 < a < 10and ‘7’ is an

integer is called as Scientific Notation.

The following table of base 10 examples may make things clearer:

Decimal notation Scientific Decimal notation Scientific
notation notation
100

1 x 10 0.01 1 x 102
1,000 L x 10° 0.001 L 1
10,000 TR i 0.0001 L
1,00,000 1 x 10° 0.00001 1 o
10,00,000 A 0.000001 S
1,00,00,000 | x 107 0.0000001 Lo 0

Let us look into few more examples.

Example 2.28 ) L ) ) B
Express in scientific notation (i) 9768854 (ii) 0.04567891

(iii) 72006865.48

@ Solution @
i 9 7 6 8 8 5 4 .0 = 9.768854 x 10"
U UL O UL A
6 5 4 3 2 1

The decimal point is to be moved six places to the left. Therefore »n = 6.

G) 0 . 0 4 5 6 7 8 9 1 = 4.567891x10 "
NS S
1 2
The decimal point is to be moved two places to the right. Therefore n = —2.

(iii) 7T 2 0 O 6 8 6 5 . 48 =7.200686548 x 10"
L U U W U U g

7 6 5 4 3 2 1

The decimal point is to be moved seven places to the left. Therefore n = 7.

2.8.2 Converting Scientific Notation to Decimal Form
The reverse process of converting a number in scientific notation to the decimal form
is easily done when the following steps are followed:
(i) Write the decimal number.
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(ii) Move the decimal point by the number of places specified by the power of 10, to
the right if positive, or to the left if negative. Add zeros if necessary.
(iii) Rewrite the number in decimal form.

E le 2.29
. xamp-e _I Write the following numbers in decimal form:

(i) 6.34x 10" (ii) 2.00367 x 10"

Solution
)V 6.34x10"
= 06 . 3 4 0 0 = 63400
1 2 3 4

(i) 2.00367 x10°

0 0 0 0 0 2 .00367
5 4 3 2 1

= 0.0000200367

® 2.8.3 Arithmetic of Numbers in Scientific Notation ®
(i) Iftheindices in the scientific notation of two numbers are the same, addition (or
subtraction) is easily performed.

E le 2.30
. xamp _Ie The mass of the Earth is 5.97x10%* kg and that of the Moon is

0.073 x10** kg. What is their total mass?
Solution

Total mass = 5.97x10** kg + 0.073 x10* kg
(5.97 + 0.073) x10* kg
6.043 x10** kg

(ii) The product or quotient of numbers in scientific notation can be easily done if

we make use of the laws of radicals appropriately.

Example 2.31
'p_l Write the following in scientific notation :

(@ (50000000) (ii) (0.00000005)"

(iii) (300000)" x (2000)' (iv) (4000000)" +(0.00002)'
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Solution
4 7 4
(i) (50000000) — (5.0><10 ) (ii) (0.00000005 (5 0x10" )
4
— (5.0)’ x(107) = (5.0) ( )
24
= 625.0x10° = (125.0)x (1 )
— 6.25x 10> x10% =1.25x10"x10 "
—6.25x 10" —1.25%x10
3 4 3 4
(iii) (300000) x (2000) (iv) (4000000) +(0.00002)
5\3 3\4 6\3 e\
:(3.0><10) x(2.0><10 ) :(4.0><10) +(2.0><10 )
3 5\ 4 3\! 3 4
= (3.0) x(1o ) x(2.0) x(m ) :<4'0)3X(106) +(2.0)4x(10‘5)
15 12
_ (27.0)><(10 )x(16.0)><(10 )  6a0x10"
_ (2.7 X 101)>< (1015) " (1.6 ><101) X (1012) 16.0x 10 »
— 4x10® x10™
—2.7x1.6x10" x10" x10" x 10"
@ - 38
_ 4.32><101+15+1+12 _ 4.32><1029 =4.0x10

Thinking Corner @-

1. Write two numbers in scientific notation whose product is 2. 83104.

2. Write two numbers in scientific notation whose quotient is 2. 83104.

@ Exercise 2.8 )

1. Represent the following numbers in the scientific notation:

(i) 569430000000 (ii) 2000.57
(iii) 0.0000006000 (iv) 0.0009000002
2. Write the following numbers in decimal form:
(i) 3.459 x 10° (i) 5.678 x 10"
(iii) 1.00005 x 10" (iv) 2.530009 x 10"

3. Represent the following numbers in scientific notation:
@ (300000)" x (20000)' (i) (0.000001)'" = (0.005)
(iid) {(0.00003)6 « (0.00005)4} - {(0.009)3 « (0.05)2}
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4. Represent the following information in scientific notation:
(i) The world population is nearly 7000,000,000.
(ii) One light year means the distance 9460528400000000 km.
(iii) Mass of an electron is 0.000 000 000 000 000 000 000 000 000 00091093822 kg.

5. Simplify:
(i) (2.75 x 107) + (1.23 x 10%) (ii) (1.598x10'7) - (4.58 x10'%)
(iii) (1.02 x 10"%) x (1.20 x 10 (iv) (8.41 x 10%) = (4.3 x 10)
i
The following list shows the mean distance of the planets of the solar system from the
Sun. Complete the following table. Then arrange in order of magnitude starting with the
distance of the planet closest to the Sun.
Planet Decimal form Scientific Notation
(in Km) (in Km)
Jupiter 7.78%x 108
Mercury 58000000
Mars 2.28x 108
Uranus 2870000000
® Venus 108000000 ®
Neptune 4500000000
Earth 1.5x10®
Saturn 1.43% 108

@ Exercise 2.9 ]

2 Multiple Choice Questions

1. If nis a natural number then /% is

(1) always a natural number. (2) always an irrational number.

(3) always a rational number (4) may be rational or irrational
2. Which of the following is not true?.

(1) Every rational number is a real number.  (2) Every integer is a rational number.

(3) Every real number is an irrational number. (4) Every natural number is a whole number.
3. Which one of the following, regarding sum of two irrational numbers, is true?

(1) always an irrational number. (2) may be a rational or irrational number.

(3) always a rational number. (4) always an integer.
4. Which one of the following has a terminating decimal expansion?.
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(1) 2 2% (3) 12 (4) 15
5. Which one of the following is an irrational number

(1) V25 @,/ (3) L (4)
6.  Anirrational number between 2 and 2.5 is

(1) V11 (@) V5 (3) V25 (4) /8

7. 'The smallest rational number by which % should be multiplied so that its decimal
expansion terminates with one place of decimal is

(1) 2) 1 (3) 3 (4) 30

8. If% = 0.142857 then the value of% is

(1) 0.142857 (2) 0.714285 (3) 0.571428 (4) 0.714285
9.  Find the odd one out of the following.
(1) V32xV2 (2)% (3) V72 X8 (4)%
10. 0.34+0.34 =
(1) 0.687 (2) 0.68 (3) 0.68 (4) 0.687
(O] 11. Which of the following statement is false? ®
(1) The square root of 25 is 5 or =5 3) V25 = 5
(2) —25 = —5 (4) 25 = +5
12.  Which one of the following is not a rational number?
M \/g @ g 3) J0.01 (4 13
13. \/E + \/E =
(1) 39 2) 56 (3) 5v3 (4) 35
14. If\/% = k:\/g, then k=
(1) 2 (2) 4 (3) 8 (4) 16
15, 47x 2V3 =
(1) 610 (2) 8421 (3) 810 (4) 6321
16. When written with a rational denominator, the expression N3 can be simplified as
2 V3 oo
(1) 5 (2) 5 (3) 5 (4) 3
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When (2\/5 — \/5 )2 is simplified, we get
(1) 4v5 +242 2) 2-4J10  (3) 8-4410 4) 2410 —2
-3 3

(0.000729)T x (0.09)4 _

3 5 2 106
(1) % (2) % (3) % (4) —
3 3 3 3
If\/gi"”:yg?,then:v: _
1) 2 o) 4 3) L 4 2
3 3 3 3

The length and breadth of a rectangular plot are 5x10° and 4x10* metres
respectively. Itsareais .
(1) 9x10" m? (2) 9x10° m? (3) 2x10" m? (4) 20x10% m?

Points to Remember

When the decimal expansion of 2 q#0 terminates that is, comes to an end, the
decimal is called a terminating decimal.

In the decimal expansion of Z q#0 when the remainder is not zero, we have a repeating
(recurring) block of digits in the quotient. In this case, the decimal expansion is called
non-terminating and recurring.

If a rational number 2, q# 0 can be expressed in the form W’W , where p € Z and
m,n € W, then the rational number will have a terminating decimals. Otherwise, the
rational number will have a non-terminating repeating (recurring) decimal.

A rational number can be expressed either a terminating or a non- terminating
recurring decimal.

An irrational number is a non-terminating and non-recurring decimal, i.e. it cannot be
written in form £, where p and q are both integers and q# 0.

The union of all rational numbers and all irrational numbers is called the set of real
numbers.

Every real number is either a rational number or an irratonal number.

If a real number is not rational number, then it must be an irrational number.

If “a’ is a positive rational number, ‘n’ is a positive integer and if ta is an irrational
number, then 7\1/5 is called as a surd.

If “m), “n’ are positive integers and a, b are positive rational numbers, then

(Wa)' ==Y 0 o= = ab (i Wa =" =" v %:n%
/b

The process of multiplying a surd by another surd to get a rational number is called

Rationalisation.

Expressing a number N in the form of N = a x 10" where, 1 < a < 10and ‘n’ is an

integer is called as Scientific Notation.
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5 ICT Corner-1

Square root spiral - 15t part

Expected Result is shown in this picture

Step -1
Open the Browser and copy and paste the Link given below
(or) by typing the URL given (or) Scan the QR Code.

Step - 2 :

GeoGebra workbook named “Real Numbers” will open. There are several worksheets in the
workbook. Open the worksheet named “Square root spiral — 15t part”

Step-3

Drag the slider named “Steps “. The construction of Square root of numbers 2,3,4,5,.... will
appear step by step.

Step-4

By dragging the slider named “Unit segment” you can enlarge the diagram for more clarity.
Now you can draw the same in a paper and measure the values obtained

Browse in the link
Union of Sets: https://www.ggbm.at/m6GQc6mQ

BS66_9_MAT_EM_T3

ICT Corner-2

Expected Result is

Move B sliders to change the vakue of m and n|

shown in this picture

am * an‘ — am+" Ezample: a*sa” = a7 = a"

Step -1 -

Open the Browser type the URL Link given below
(or) Scan the QR Code. GeoGebra work sheet
named “Real Numbers” will open. In the work sheet there are two activities. 1. Rationalising
the denominator for surds and 2. Law of exponents.

1
=k =% Example : 2 gt "=g®
a’

a‘ﬂ,

(am)n = @™ Ezample: (a') =a""=a®

In the first activity procedure for rationalising the denominator is given. Also, example is given
under. To change the values of a and b enter the value in the input box given.

Step - 2

In the second activity law of exponents is given. Also, example is given on right side. To change
the value of m and n move the sliders and check the answers.

Browse in the link
Real Numbers: https://ggbm.at/BYEWDpHU or Scan the QR Code.

BS66_9_MAT_EM_T3
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o ALGEBRA

In real life, I assure you, there is no such things as Algebra.

- Fran Lebowitz

Diophantus of Alexandria an Alexandrian Hellenistic
mathematician who lived for about 84 years, was born
between A.D(C.E) 201 and A.D(C.E) 215. Diophantus
was the author of a series of books called Arithmetica.
His texts deal with solving algebraic equations. He is

Diophantus also called as “the father of algebra”.

C-')/

To understand the classification of polynomials and to perform basic operations.

To evaluate the value of a polynomial and understand the zeros of polynomial.

To understand the remainder and factor theorems.

To use Algebraic Identities in factorisation.

To factorise a quadratic and a cubic polynomial.

To use synthetic division to factorise a polynomial.
To find GCD of polynomials.

Able to draw graph for a given linear equation.

o AN
ESC225

To solve simultaneous linear equations in two variables by Graphical method and
Algebraic method

To understand consistency and inconsistency of linear equations in two variables.

3.1 Introduction

Why study polynomials?

This chapter is going to be all about polynomial expressions in algebra. These are

your friends, you have already met, without being properly introduced! We will properly

introduce them to you, and they are going to be your friends in whatever mathematical

journey you undertake from here on.
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(a+1)?2=a’+2a+1

Now that’s a polynomial. That does not look very special, does it? We have seen a lots
of algebraic expressions already, so why to bother about these? There are many reasons why
polynomials are interesting and important in mathematics.

For now, we will just take one example showing their use. Remember, we studied lots
of arithmetic and then came to algebra, thinking of variables as unknown numbers. Actually
we can now get back to numbers and try to write them in the language of algebra.

Consider a number like 5418. It is actually 5 thousand 4 hundred and eighteen.
Write it as:

5X1000+4X100+1X10+8
which again can be written as:

5X 103 +4X10°+1X10'+8

Now it should be clear what this is about. This is of the form 5x> + 4x2 + x + 8, which is
a polynomial. How does writing in this form help? We always write numbers in decimal
system, and hence always x = 10. Then what is the fun? Remember divisibility rules? Recall

that a number is divisible by 3 only if the sum of
its digits is divisible by 3. Now notice that if x
divided by 3 gives 1 as remainder, then it is the
same for x?, x°, etc. They all give remainder 1
when divided by 3. So you get each digit
multiplied by 1, added together, which is the
sum of digits. If that is divisible by 3, so is the

whole number. You can check that the rule for

Fig. 3.1 divisibility by 9, or even divisibility by 2 or 5,

can be proved similarly with great ease. Our purpose is not to prove divisibility rules but to
show that representing numbers as polynomials

shows us many new number patterns. In fact,
many objects of study, not just numbers, can
be represented as polynomials and then we

I
------.)OF
- -
B =

Height

can learn many things about them.

A

A

~
S

Time

—
N

In algebra we think of x?, 5x2-3, 2x+7 etc

as functions of x. We draw pictures to see how Fig. 3.2

the function varies as x varies, and this is very helpful to understand the function. And now,
it turns out that a good number of functions that we encounter in science, engineering,
business studies, economics, and of course in mathematics, all can be approximated by
polynomials, if not actually be represented as polynomials. In fact, approximating functions
using polynomials is a fundamental theme in all of higher mathematics and a large number
of people make a living, simply by working on this idea.

____IEEEN ® m - m=sf
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Polynomials are extensively used in
biology, computer science, communication
systems ... the list goes on. The given pictures

(Fig. 3.1, 3.2 & 3.3) may be repsresented as a
quadratic polynomial. We will not only learn
what polynomials are but also how we can use
them like in numbers, we add them, multiply
them, divide one by another, etc.,

Observe the given figures.

2x y

2x 2x

Fig. 3.4 Fig. 3.5 Fig. 3.6

The total area of the above 3 figures is 4x*+ 2xy + y*, we call this expression as an
algebraic expression. Here for different values of x and y we get different values of areas.
Since the sides x and y can have different values, they are called variables. Thus, a variable is
a symbol which can have various numerical values.

Variables are usually denoted by letters such as x, y, z, etc. In the above algebraic
expression the numbers 4, 2 are called constants. Hence the constant is a symbol, which has

a fixed numeric value.

Constants
Any real number is a constant. We can form numerical expressions using constants
and the four arithmetical operations.

Examples of constant are 1, 5, =32, %, —/2,8.432, 1000000 and so on.
Variables

The use of variables and constants together in expressions give us ways of representing
a range of numbers, one for each value of the variable. For instance, we know the expression
2mr, it stands for the circumference of a circle of radius r. As we vary r, say, 1cm, 4cm, 9cm

etc, we get larger and larger circles of circumference 2m, 8w, 18m etc.,

The single expression 2mr is a short and compact description for the circumference of
all these circles. We can use arithmetical operations to combine algebraic expressions and
get a rich language of functions and numbers. Letters used for representing unknown real
numbers called variables are X, y, a, b and so on.

I 80 | 9t standard Mathematics
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Algebraic Expression
An algebraic expression is a combination of constants and variables combined together

with the help of the four fundamental signs.
Examples of algebraic expression are

xX'—4x’+ 8x— 1, 4xy* + 3x2y—%xy+ 9, 5x*—Tx+ 6

Coefficients
Any part of a term that is multiplied by the variable of the term is called the coeflicient
of the remaining term.

For example,
x’+ 5x— 24 is an algebraic expression containing three terms. The variable of this

expression is x, coefficient of x? is 1, the coefficient of x is 5 and the constant is
-24 (not 24).

Writ; the Variable, Coefficient and Constant in the given algebraic expression
Expression | x+7 3y-2 5x7 2xy +11 | %p *7 | 8+3a
Variable X X, Y

Coefficient 1 - %

Constant 7 -8

3.2 Polynomials
A polynomial is an arithmetic expression consisting of variables and constants that involves

four fundamental arithmetic operations and non-negative integer exponents of variables.

Polynomial in One Variable

An algebraic expression of the form p(x) = a.x"+ a,-.x"'+ ..+ @x’ + ax + a, is called
Polynomial in one variable x of degree ‘n” where ay, a1, a,,...a, are constants (an # 0) and n is
a whole number.

In general polynomials are denoted by f(x),g(x),p(7),q(z) and r(x) and so on.

AN
Note i

The coeflicient of variables in the algebraic expression may have any real numbers,
where as the powers of variables in polynomial must have only non-negative integral
powers that is, only whole numbers. Recall that a° = 1 for all a.

Agebra | 51 N
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S.No Given expression ol e /. Reason
not a polynomial

1 4y’ + 2y’ + 3y+ 6 | Polynomial Non- negative integral power
2 4x* + 5x* Not a polynomial One of the powers is negative (—4)

4
3 m'+sm+8 Polynomial Non- negative integral power
4 J5y Polynomial Non- negative integral power
5 2rr+3r—1+ % Not a polynomial One of the power is negative (% = r”)
6 8+./q Not \ ial ower of g is fraction (f = q?)

q ot a polynomia p q q
7 V/8p'+5p—17 Polynomial Non- negative integral power

4

8 Sns+6n—1 Not a polynomial One of the power of n is a fraction %

Standard Form of a gﬂ
Polynomia 2 e
® We can write a Write the following polynomials in standard form. ®
polynomial p(x) in the _
decreasing or increasing S1.No. Polynomial Standard Form
order of the powers of 1 5m*—3m+ Tm*+ 8

x. This
the polynomial is

way of writing |2
called
the standard form of a

%y+ 8y’ — 12+\/§y2

3 12p°— 8p°— 10p*— 7

polynomial.

For example: (i) Bx'+4x’—T7x*—9%+6 (i) 5-3y+6y*+ 4y’ - y*

Degree of the Polynomial

In a polynomial of one variable, the highest power of the variable is called the degree
of the polynomial.

In case of a polynomial of more than one variable, the sum of the powers of the variables in
each term is considered and the highest sum so obtained is called the degree of the polynomial.

This is intended as the most significant power of the polynomial. Obviously when
we write x*+5x the value of x* becomes much larger than 5x for large values of x. So we
could think of x* + 5x being almost the same as x* for large values of x. So the higher
the power, the more it dominates. That is why we use the highest power as important
information about the polynomial and give it a name.
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®

E le 3.1
. xamp-e _I Find the degree of each term for the following polynomial and

also find the degree of the polynomial

Solution

Given polynomial is 6ab®+ 5a°b*c* — Tab + 4b*c + 2

Degree of each of the terms is given below.

6ab’® has degree (1+8) =

5a’°b’c’ has degree (2+3+2)

7ab has degree (1+1) =
4b’c has degree  (2+1) =

9
7
2
3

6ab®+ 5a°b’c*— Tab + 4b*c + 2

The constant term 2 is always regarded as having degree Zero.

The degree of the polynomial 6ab®+ 5a°b’c*— Tab + 4b°c + 2.

= the largest exponent in the polynomial

=9

A very Special Polynomial

We have said that coefficients can be any real numbers. What if the
coefficient is zero? Well that term becomes zero, so we won't write it. What if
all the coefficients are zero? We acknowledge that it exists and give it a name.

It is the polynomial having all its coefficients to be zero.

g)y=0'+0r—0¢,

h(p)=0p*— Op+ 0

From the above example we see that we cannot talk of the degree of the zero polynomial,

since the above two have different degrees but both are zero polynomial. So we say that the

degree of the zero polynomial is not defined.

The degree of the zero polynomial is not defined

Types of Polynomials

(i) Polynomial on the basis of number of terms

MONOMIAL
BINOMIAL

TRINOMIAL

‘ ‘ 3 Algebra_Terml.indd 83

A polynomial having one term is called a monomial

Examples : 5, 6m, 12ab

A polynomial having two terms is called a Binomial

Examples : 5x+ 3, 4a— 2, 10p+ 1

A polynomial having three terms is called a Trinomial

Example : 4x’+ 8x— 12, 3a’+ 4a+ 10
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(ii) Polynomial based on degree

A polynomial of degree zero is called constant polynomial

CONSTANT Examples : 5,— 7, % J5
A polynomial of degree one is called linear polynomial
LINEAR

Examples : 410x— 7
A polynomial of degree two

QUADRATIC  polynomial

CUBIC

Example : 2,/5x*+ 8x— 4

is called quadratic

A polynomial of degree three is called cubic polynomial

Example : 12y°, 6m’— Tm+ 4

E le 3.2
' xamp-e J Classity the following polynomials based on number of terms.

T f pol ial
S.No. Polynomial No of Terms ype of poynomia
based of terms
(i) 57+ 6r+ 8 |3 Terms Trinomial
® 5 .
(i) |y-7 2 Terms Binomial
(iii) |2, 1 Term Monomial
’%
(iv) |6y’+ 3y—7 |3 Terms Trinomial
(v) |8m’+ Tm? Like Terms. So, it is 15m? which is 1 term only Monomial

E le 3.3
. xamp u Classify the following polynomials based on their degree.

S.No. Polynomial Degree Type
i) |3/4z+7 Degree one Linear polynomial
) |£2—2+3 Degree three Cubic polynomial
(ii)) | /7 Degree zero Constant polynomial
(iv) |y— /8 Degree two Quadratic polynomial
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3.2.1 Arithmetic of Polynomials

We now have a rich language of polynomials, and we have seen that they can be
classified in many ways as well. Now, what can we do with polynomials? Consider a
polynomial on x.

We can evaluate the polynomial at a particular value of x. We can ask how the
function given by the polynomial changes as x varies. Write the polynomial equation
p(x) = 0 and solve for x. All this is interesting, and we will be doing plenty of all this as we
go along. But there is something else we can do with polynomials, and that is to treat them
like numbers! We already have a clue to this at the beginning of the chapter when we saw
that every positive integer could be represented as a polynomial.

Following arithmetic, we can try to add polynomials, subtract one from another,
multiply polynomials, divide one by another. As it turns out, the analogy between numbers
and polynomials runs deep, with many interesting properties relating them. For now, it is
fun to simply try and define these operations on polynomials and work with them.

Addition of Polynomials
The addition of two polynomials is also a polynomial.

AN
Note i

Only like terms can be added. 3x? + 5x? gives 8x* but unlike terms such as 3x? and 5x°
when added gives 3x* + 5x°, a new polynomial.

Example 3.4
';I If p(x)= 4x*— 3x+ 2x’+ 5 and ¢(x)= x*+ 2x + 4, then find

p(x)+ g(x)
Solution
Given Polynomial Standard form
p(x)=4x>—3x+2x*+ 5 23+ 4x* — 3x+ 5
g(x)=x*+2x+ 4 X+ 2x+ 4
p(x)+ g(x) = 22"+ 56— x+ 9

We see that p(x) + g(x) is also a polynomial. Hence the sum of any two polynomials
is also a polynomial.

Subtraction of Polynomials
The subtraction of two polynomials is also a polynomial.

AN
Only like terms can be subtracted. 8x* - 5x* gives 3x* but when 5x° is

subtracted from 3x? we get, 3x* -5x°, a new polynomial.
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. E le 3.5 I
Xamp (S pr(x): 4X2_ 3x + 2x3+ 5 and q(_x): X2_|_ 2x + 4,then ﬁnd

px)— gq(x)
Solution
Given Polynomial Standard form
p(x)=4x>—3x+2x*+ 5 23+ 4x* — 3x+ 5
g(x)=x"+2x+ 4 X+ 2x+ 4
p(x)—g(x)=2x"+3x’— 5x+ 1

We see that p(x) - g(x) is also a polynomial. Hence the subtraction of any two

polynomials is also a polynomial.

Multiplication of Two Polynomials
Divide a rectangle with 8 units of length and 7 o > 3
units of breadth into 4 rectangles as shown below, and 1 5 3

observe that the area is same, this motivates us to study | Apeq = 56
the multiplication of polynomials. 6 30 18

For example, considering length as (x+1) and
breadth as (3x+2) the area of the rectangle can be found by the following way.

x + 1 O,
If x is a variable and m, n are positive

35| 3x* | 3x | Hence the area of the rectangle is
+ =3x2+ 3X + 2X + 2
2| 2x 2

integers then x™ x x" = x"*".

=3x2+5x + 2 When two polynomials are multiplied

the product will also be a polynomial.

E le 3.6
. Xampie I Find the product (4x - 5) and (2x? + 3x - 6).

Solution

To multiply (4x - 5) and (2x* + 3x - 6) distribute each term of the first polynomial to
every term of the second polynomial. In this case, we need to distribute the terms 4x

and -5. Then gather the like terms and combine them:

(4x— 5)(2x*+ 3x— 6) = 4x(2x*+ 3x— 6) — 5(2x*+ 3x— 6)

= 8x’+ 12x*— 24x— 10x*— 15x + 30

= 8x*+2x2-39x +30
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Aliter: You may also use the method of detached coeflicients:

2 +3 -6
+4 -5
-10 -15 +30

8 +12  -24

8 +2 -39 +30

(4x -5) (2x*+3x-6) = 8x> + 2x*>-39x + 30

@ Exercise 3.1 ]

Which of the following expressions are polynomials. If not give reason:

(i) %+ 3x— 4 (i) ¥&x— 1)
sy L SR SR
(iii) e (x+5) (iv) = + p +7
v) V5x°+/3x+/2 (vi) m*—3m+ Tm— 10
Write the coefficient of x 2and x in each of the following polynomials.
() 4+3¢— 3 (i) 6— 20+ 32— /7x
(i) m*—x+2 (iv) V/3x*+/2x+0.5

(v) xz—%x—lr 8

Find the degree of the following polynomials.

() 1=V2y+y i) F=aEee
(iii) x’(x*+ x) (iv) 3x*+ 9x* + 27x°

(v) pr“%}Jr 252
Rewrite the following polynomial in standard form.

(i) x—9+/7x+ 6x (ii) ﬁxz—%x4+x—5x3
(iii) 7x3—%x2+ 4x— 1 (iv) »'+ ﬁf—ll—%ﬁ 9y*

Add the following polynomials and find the degree of the resultant polynomial.

(i) p(x)=6x"—Tx+2 g(x)=6x’—Tx+ 15
(i) h(x)=7x—6x+1 fx)=7x+17x—9
(iii) Ax)= 16x*—5x*+9 glx)=—6x"+Tx— 15

Subtract the second polynomial from the first polynomial and find the degree of the

resultant polynomial.

(i) plx)=7x+6x—1 g(x)=6x—9
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(i) Ay)=6y"—Ty+2 gly)="Ty+y’
(iii) h(z)=7—-67'+z fz)=627+10z—17

7. What should be added to 2x’ + 6x> — 5x+ 8 to get 3x’— 2x’+ 6x+ 15 ?
8.  What must be subtracted from 2x*+ 4x*— 3x+ 7 toget 3x" — x>+ 2x+ 1 ?

9. Multiply the following polynomials and find the degree of the resultant polynomial:

(i) px)=x"-9 g(x)= 6x*+ Tx— 2
(i) Ax)=Tx+2 g(x)=15x—9
(iii) h(x)=6x"—Tx+ 1 fx)=5x—7

10. The cost of a chocolate is Rs. (x + y) and Amir bought (x + y) chocolates. Find the total
amount paid by him in terms of x and y. If x =10, y =5 find the amount paid by him.

11. The length of a rectangle is (3x+2) units and it’s breadth is (3x-2) units. Find its area in
terms of x. What will be the area if x = 20 units.

12.  p(x)is a polynomial of degree 1 and ¢(x) is a polynomial of degree 2. What kind of
the polynomial p(x) x g(x) is ?

3.2.2 Value and Zeros of a Polynomial
Consider the two graphs given below. The first is linear, the second is quadratic. The
@ first intersects the X axis at one point (x = -3) and the second at two points (x = -1 and &
x = 2). They both intersect the Y axis only at one point. In general, every polynomial has a
graph and the graph is shown as a picture (since we all like pictures more than formulas,
don’t we?). But also, the graph contains a lot of useful information like whether it is a straight
line, what is the shape of the curve, how many places it cuts the x-axis, etc.

v \ ; ]
ym i3 \

<)}
8]

g

S

L—
N

\

o
=
1
9
1
~o
1
1
O8]
o
X
O
>

X -4 B o 1 2 3 4 [x y = x2-x-2
. -1
vy Y’
Fig. 3.7 Fig. 3.8
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In general, the value of a polynomial p(x) at x=a, denoted p(a), is obtained by replacing
x by a, where a is any real number.

Notice that the value of p(x) can be zero for many possible values of x as in the second
graph 3.8. So it is interesting to ask, for how many values of x, does p(x) become zero, and
for which values ? We call these values of x, the zeros of the polynomial p(x).

Once we see that the values of the polynomial are what we plot in the graph of the
polynomial, it is also easy to notice that the polynomial becomes zero exactly when the

graph intersects the X-axis.

The number of zeros depends on the line or curves intersecting x-axis.

For Fig. 3.7, Number of zeros is equal to 1 N
vote B

For Fig. 3.8, Number of zeros is equal to 2

Number of zeros of a
Value of a Polynomial

polynomial < the degree
Value of a polynomial p(x) at x = a is p(a) obtained on

of the polynomial
replacing x by a (a € R)

For example,
Consider flx)=x+3x—1.
The value of  f(x) atx=21is

f(2) = 2243(2)-1 = 4+6-1 = 9.

Zeros of Polynomial

4x3 -6x> + 3x -14
4013 - 6(1)2+ 3(1) - 14
4-6+3-14

=-13

(i) Consider the polynomial p(x)

The value of p(x)atx=1is p(1)

Then, we say that the value of p(x) atx=11s - 13.

If we replace x by 0, we get  p(0) = 4(0)° - 6(0)* + 3(0) -14
= 0-0+0-14
= -14

we say that the value of p(x) atx=01is - 14.

The value of p(x) at x=21is p(2) = 4(2)°-6(2)*+3(2) - 14
=32-24+6-14
=0

Since the value of p(x) at x = 2 is zero, we can say that 2 is one of the zeros of p(x)

where p(x) = 4x* -6x? + 3x -14.

gebra | 5o N
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In general, if p(a) = 0 we say that a is zero of polynomial p(x) or a is the root of

polynomial equation p(x) =0

.MI If f(x)=x"— 4x + 3, then find the values of f(1), f(— 1), A2), A3).

Also find the zeros of the polynomial f(x).

Solution

flx)=x"—4x+3

Value at

D

@2

( 12 -4(1) + 3 ) ((-1)2-4(—1)+3) ( 22-4(2) +3 ) ( 32 -4(3) + 3 )

( 1-4+3 ' 1+4+3 '

Value of P(x)

)

4-8+3 '

Fig. 3.9

Since the value of the polynomial f(x) at x = 1 and x = 3 is zero, as the zeros of polynomial

f(x) are 1 and 3.

E le 3.8
. xamp-e J Find the Zeros of the following polynomials.

(i) flx)=2x+1 (i) flx)=3x -5
Solution
(i) Given that fix) =2x+1= 2<x+ %)
- b)
~3) =23 (- 3)]=20 =0

Since f(— %) =0, x = —% is the zero of f(x)

(ii) Given that

fx) =3x-5=3(x—3)
13) =3(3-3) =30 =0

Since f(%):o, X = % is the zero of f(x)
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E le 3.9
. Xamp € J Find the roots of the following polynomial equations.

(i) 5x-3=0 (i) =7 —4x = 0 i
Note
Solution i )
(i) A zero of a polynomial can be
(i) 5x-3=0 any real number not necessarily
(or) 5x = 3 Zero.
Then, x = % (i) Anonzero constant polynomial
(ii) -7-4x=0 has no zero.
(or) 4x = -7 (iii) By convention, every real
Then, X = _7_4 = _% number is zero of the zero
polynomial
IMI Check whether -3 and 3 are zeros of the polynomial x* - 9
Solution
Let flx) =x*-9
Then, f(-3) = (-3)?-9=9-9=0
f(+3) =32-9=9-9=0
@ . -3 and 3 are zeros of the polynomial x* - 9 @

@ Exercise 3.2 ]

1.  Find the value of the polynomial f(y)= 6y— 3y*+ 3 at
(i) y=1 (i) y=-1 (iii) y=0

2. If p(x) = x>~ 24/2x +1, find p(2v/2).
3. Find the zeros of the polynomial in each of the following :

() plx)=x-3 (ii) p(x) =2x+5 (iii) q(y) =2y -3

(iv) flz) =8z (v) p(x) =axwhena#0 (vi) h(x)=ax+b, a#0, a,bER
4. Find the roots of the polynomial equations .

(i) 5x-6=0 (i) x+3=0

(iii) 10x+9=0 (iv) 9x-4=0

5.  Verify whether the following are zeros of the polynomial indicated against them, or not.

i) plx)=2x—1, x= (i) p(x)=x—1, x=1

| N[

(iii) p(x)=ax+ b, x= =k (iv) p(x)=(x+3)(x—4), x=4,x=-3

a
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6.  Find the number of zeros of the following polynomials represented by their graphs.

(i) (ii)

Fig. 3.10 Fig. 3.11

(iii) (iv) (v)

® Y )
Fig. 3.12 Fig. 3.13 Fig. 3.14

3.3 Remainder Theorem
In this section , we shall study a simple and an elegant method of finding the remainder.
In the case of divisibility of a polynomial by a linear polynomial we use a well known
theorem called Remainder Theorem.

If a polynomial p(x) of degree greater than or equal to one is divided by a linear polynomial

(x—a) then the remainder is p(a), where a is any real number.

Significance of Remainder theorem : It enables us to find the remainder without
actually following the cumbersome process of long division.

0\
Note i

(i) If p(x) is divided by (x+a), then the remainder is p(- a)

e
ESUTG3

(ii) If p(x) is divided by (ax-b), then the remainder is p(%)
(iii) If p(x) is divided by (ax+b), then the remainder is p(- %)
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. Example 3.11 I

S.No. Question Solution Hint
1 Find the remainder when f(x) =x3+3x+3x+1 g(x) = x+1
f(-1) = (-1)*+3(-1)+3(-1)+1 x)=0
fix) =% + 3%+ 3x + 1 is B ~ 909
=-1+3-3+1=0 X+1=0
divided by x+1. : :
Hence, the remainder is O X =—1
2 Check whether flx) =x’-x+1 | 2\_/2yv 2 g(x) = 2-3x
~M3)=(3) -5 +1 B
is a multiple of g(x) =2 - 3x -8 2. -
27 3 : -2
gives x =
- 818427 17, 3
a 27 27
= f(x) is not multiple of g(x)
3 Find the remainder when We have Let
f(x) =x3-ax*+ 6x-a g(x) = x-a
A3 a2 _
f(x)—x ax-+6x-a f(a) =a3—a(a)2+6a—a g(X):O
® is divided by (x - a) =a—da+5a X—a=0 @
= ba _
X=a
Hence the required remainder is 5a
4 For what value of k is the|Let Let
polynominal f(x) =2x'+ 3x'+ 2kx’ + 32+ 6 | g(x)=x+2
It + 33 + 2k’ + 3x+ 6 If f(x) is exactly divisible by | ¢(x)=0
o , (x+2), then the remainder must be
exactly divisible by (x +2) 2 |, x+2=0
ie.,f(-2) =0 =2
ie., 2(=2)4+ 3(-2)%+ 2k(-2)> +
3(-2)+6=0
2(16) + 3(-8) + 2K(4) -6 + 6=0
32-24 +8k=0
8k=-8, k=-1
Hence f(x) is exactly divisible by
(x=2) when k = -1

Agebra | o3 N

‘ ‘ 3 Algebra_TermZl.indd 93 @ 26-12-2019 13:39:34‘ ‘



| T T ] ® CH ||

www.tntextbooks.in

Example 3.12
'p_l Without actual division , prove that f(x) = 2x* — 6x’ + 3x* + 3x — 2

is exactly divisible by x* -3x + 2
Solution :

Let fx)

g(x)

2x' —6x' +3x°+3x— 2

x'—3x+ 2

= 2x—x+2

xx—2)— 1(x—2)
=(x—2)(x—1)

we show that f(x) is exactly divisible by (x-1) and (x-2) using remainder theorem

A1) = 2(1)'—6(1)y+3(1)y+3(1)—2

=2-6+3+3-2
=0

2(2)' =62y +3(2)+3(2)—2

32-48+12+6-2

=0

f2)

f(x) is exactly divisible by (x - 1) (x - 2)
® i.e., f(x)is exactly divisible by x? -3x + 2 ®
If p(x)is divided by (z — a) with the remainder p(a) = 0, then (z —a)1is a factor of
p(z). Remainder Theorem leads to Factor Theorem.

3.3.1 Factor Theorem
If p(z)is a polynomial of degree n > 1and ‘@’ is any real number then
(i) p(a) =0 implies (z — a) is a factor of p(x).
(i) (x —a) is a factor of p(x) implies p(a) = 0.
Proof
If p(z) is the dividend and (z —a) is a divisor, then by division
algorithm we write, p(z) = (z — a)q(z) + p(a) where ¢(z) isthe quotient
and p(a) is the remainder.

(i) If p(a) = 0, we get p(z) = (x — a) ¢(z) which shows that (x — a) is a factor of p(z).

(ii) Since (x —a)is a factor of p(z), p(z) = (z — a)g(z) for some polynomial g(z).
In this case

/01 = o ot

= 0xg(a) For any two integers a (a = 0)
=0 and b, a divides b if
Hence, p(a) = 0, when (z — a)is a factor of p(z). b = ax, for some integer .
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AN
Note i

® (z—a) isafactorof p(z),if p(a)=0
® (z + a)isa factor of p(z),if p(-a) =0

® (az+0) is a factor of p(z), if p[—ﬁ] =0

a

® (az-b) is a factor of p(z), if p[b] =0

a

® (z—a)(z-b)isafactorof p(z),if p(a)=0and p(b) =0 [

[ o -l = 0 o = —0, @ = —

[ ar—b=0,ar =0b,z

r—a=0 or z—b=0

(ca+a =0, 2= a)

Q| e | o

E le 3.13
'&I Show that (z 4 2) is a factor of 2’ —da” — 2z 420

Solution
Let p(z)=a" —4z° —2z+20

By factor theorem, (z + 2) is factor of p(z), if p(—=2) =0

p(=2)

(—2)° — 4(=2)° —2(=2) + 20
8 —4(4) + 4+ 20

p(=2)=0

Therefore, (z + 2) is a factor of 2° — 42" — 2z + 20

E le 3.14
'LI Is (3z —2) a factor of 32° +2° — 200 +127

Solution

Let p(z) =3z’ + 3" —202+12

By factor theorem, (3z —2) is a factor, if p [% =0

r=a oOr r=0
To find the zero
of z+2;
putz + 2 =0
we get z = -2
®
To find the zero of
31-2;
put 3z-2 =20
3r =2
e get — —
we g T =

is a factor of p(z), if p(__) =0
is a factor of p(y), if p(__)=0

3 2
o2 =32 +]3] 20|23+ 12 2
3 3 3 3 ."I‘ Progress Check
8 A 9 1. (z+3) isa factor of p(z),if p(__) =0
— 3| —=|+|=|-20|=|+12
27 9 3 2. (3-1)
8.4 120 108 ok (8
9 9 9 9 4. (-z-0b) is a factor

of p(), if p(_) =0

5. (-z+b) is a factor of p(z), if p(__) =0
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2

3

(120 —120)
9

p

=0
Therefore, (3z — 2) is a factor of
32° +2° — 20z + 12

l Example 3.15 I
Find the value of m, if (z—2)is a factor of the polynomial

2:1:3—6:B2+m:1:+4.

Solution

Let p(z) = 22" — 62” + ma + 4

By factor theorem, (z —2) is a factor of p(x), if p(2) =0

p(2) =0

2(2)° =62 +m(2)+4 =0
2(8)—6(4)+2m+4 =0
—4+2m =0

m =2

To find the zero
of -2;

put z-2=0

we get =7

@ Exercise 3.3 ]

1. Check whether p(x) is a multiple of g(x) or not .
px)=x"—5x"+4x—3; glx)=x-2

2. By remainder theorem, find the remainder when, p(x) is divided by g(x) where,

(i) plx) = ¥—2x—4x—1; glx)=x+1
(i) p(x) = 4’ — 120°+ 1dx— 3; g(x)=2x— 1
(iii) p(x) = x*=3x’+4x+50; g(x)=x—3

3. Find the remainder when 3x’ — 4x*+ 7x — 5 is divided by (x+3)
4. What is the remainder when x*°'® +2018 is divided by x-1

5. For what value of k is the polynomial

p(x) = 2x’ — kx’ + 3x + 10 exactly divisible by (x-2)

6. If two polynomials 2x° + ax? + 4x - 12 and x° + x* -2x+ a leave the same

remainder when divided by (x - 3), find the value of a and also find the remainder.

7. Determine whether (z —1) is a factor of the following polynomials:

i)z + 52" — 10z +4 ii)a' + 52" —bx+1
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8. Using factor theorem, show that (z —5) is a factor of the polynomial
22° —52° — 28z + 15

9. Determine the value of m, if (z + 3) is a factor of z° — 32" — maz + 24.

10. Ifboth (z —2) and [m — % are the factors of az” + 5z + b , then show that a = b.

11. If (z —1)divides the polynomial kz’ —2z° + 252 — 26 without remainder, then find
the value of %.

12. Checkif (z +2) and (z —4) are the sides of a rectangle whose area is ° — 2z — 8 by
using factor theorem.

3.4 Algebraic Identities

An identity is an equality that remains true regardless of the values chosen for its
variables.

We have already learnt about the following identities:

(1) (a+b)’ =da” +2ab+0b (2) (a—b) =a" —2ab+1b’
3) (a+b)(a—b)=a’—0b 4) (z+a)(z+b)=2"+(a+b)z+ab
N - & .
(i) a®+b° = (a+b) —2ab (ii) a" +b° = (a—b)’ + 2ab
(iii) a2—|—ai2:[a+%]2—2 (iv) a2+ai2=[a—%]2+2

. Example 3.16 I 5
Expand the following using identities: (i) (3z + 4y)

(i) (2a—3b)° (i) 5z +4y)(5z —4y)  (iv)  (m—+5)(m —8)
Solution

(i) (37 +4y)”

(3z + 4y)* = (3z)° + 2(3z)(4y) + (41)° put [a = 3z, b= 4y]

we have (a 4+ b)* = a” + 2ab + 62]

= 92° + 24ay + 16y
(i) (20— 3b)’

we have (a —b)° =a’ —2ab+ bQ]
(2a — 3b)° = (2a)* —2(24)(3b) + (3b)° put [a=2a, b=3b]

— 44 —12ab + 9b°

gebra | o7 N
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(iii)  (bz + 4y) (bx —4y)
(52 + 4y)(5z — 4y) = (5z)° — (4y)’ put [a =5z b= 4y]

we have (a+b)(a—b) =a —b2]

= 252" — 16y

(iv) (m+5)(m—28) we have (z +a)(z —b) = 2" + (a — b)x — ab

(m+5)(m—8) =m’+(5—8)m—(5)(8) put [z =m, a=5,b=8]
=m’ —3m—40
(a+b+c)?
3.4.1 Expansion of Trinomial (a + b + )’ a b c
2 2 2
We know that (a:-l—y) =2 +2zy+vy .
Putz=a+0b,y=c BCCTHF a a? ab ca
Then, (a+b+c)V=(a+b) +2a+b)(c)+c
—=a’ +2ab+b" +2ac +2bc+ ¢ b ab 2 be
2, .2, 2
=a +b0 +c +2ab+2bc+2ca
c ca bc .

Thus, (a+b+c) =a’+b° +c +2ab+2be + 2ca

@ Example 3.17 9 ®
.—I Expand (a —b + ¢)

Replacing ‘b’ by “—b’ in the expansion of

Expand the following and verify :
(a—l—b—l—c)2 =a’ +b0" + ¢ +2ab + 2bc + 2ca (a+b+c) =(—a—b—-c)
. + b + 2 — . b _2\2
(0+(=b)+ ) = a® + (=b)" + & + 2a(=b) + 2A—b)c + 20 O TOFTI =lembo)
(@a—b+c} =(—a+b—c)’
=a" +b" 4+ —2ab—2bc + 2ca (a+b—c) =(-a—b+ec)

. Example 3.18 I 5
Expand (2z + 3y + 42)

Solution
We know that,

(a+b+c) =a +b°+c +2ab + 2bc + 2ca
Substituting, a = 2z,b = 3yandc = 4z
(22 43y +42)° = (22) + (3y)* + (42)° +2(22)(3y) + 2(3y) (42) + 2(42) (2x)

= 42° + 9y” +162° + 122y + 24yz + 1632
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. Example 3.19 I
Find the area of square whose side length is 3m + 2n — 4{

Solution
Area of square = side x side substituting
= (3m +2n —41) x(3m + 2n — 41) a=3m,
= (3m +2n — 41)° b=2n
2 2 | .2 2 c= 4l
We know that, (a +b+c¢)" = a” +b" + ¢ +2ab+ 2bc+ 2ca

3m 4 2n + (—4)| = (3m)" +(2n)” + (~41) +2(3m)(2n) + 2(2n) (—41) + 2(—41) (3m)
= 9m” + 4n” + 161" +12mn—16ln — 24Im
Therefore, Area of square = [9m” + 4n” + 161" + 12mn — 16ln — 24Im] sq.units.

3.4.2 Identities involving Product of Three Binomials

(x+a)(z+b)(x+c) =[(x+a) (x+b)] (z+c)
=[z° + (a + b)z + ab](z + ¢)
= 2(2) + (a + b)(2)(2) + abz + z°c + (a + b) (z)c + abe
= 2’ +az’ +bi” + abz + ca” + acz + bex + abe

=2’ +(a+b+ )z’ + (ab + be + ca)x + abe

Thus, (z + a)(z +b)(z 4+ ¢) = 2° + (a + b + )z’ + (ab + be + ca)z + abe

. Example 3.20 I
Expand the following:

(1) (x+5)(x+6)(z+4) (i) (Bz—1)(3z+ 2)(3x— 4)

Solution

We know that (2 4 a)(z +b)(z +¢) = 2° + (a4 b + ¢)z” + (ab+ be + ca)z + abe  --(1)

(i) (x+5)(x+6)(z+4) Replace
, aby5
= 2" +(5+6+4)z" + (30 + 24+ 20)z + (5)(6)(4) Ubi
3 2 cby4in (1)
=z +15z" + 74z +120

(i) (3z—1)(3z +2)(3z —4)
= (32)" + (=142 —4)(32)" +(—=2 — 8 + 4)(3z) + (—=1)(2)(—4)

B s > Replace

= 272" +(=3)92" + (—6)(3z) + 8 x by 3x, aby -1,

bby 2, cby -4
in (1)

gebra | 99 I
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3.4.3 Expansion of (z + y)’ and (z — )’

(z+a)(z+b)(z+c) =2 +(a+b+c)a’ + (ab+be + ca)z + abe
substituting a = b = ¢ = y in the identity
we get, (¢ +9)(@+9)(@+y) =2 +y+y+y)e’ +y +yy +yw)z+yyy
="+ @y + By ) +y

Thus, (z+y)° = 2" +32°y+32" +¢° (or) (z+y) =2 +y° + 3zy(z +y)
by replacing y by —y, we get

(-9’ =2 32"y +3z° —¢° (o) (z—9)’ =2 —y° —3zy(z—y)

. Example 3.21 I 5
Expand (5a — 3b)

Solution

We know that,  (z—y)° =2’ —3z°y +3ay” — ¢
(5a —3b)° = (5a)’ — 3(5a)*(3b) + 3(5a)(3b)* — (3b)°
—=125a" — 3(25a”)(3b) + 3(5a)(96%) — (3b)"

=125a" —225a’b + 135ab” — 27" ®
The following identity is also used:

:1:3—|—y3—|—23—3:1:yzz(x—|—y—|—z)(x2—l—y2—|—22—J;y—yz—zx)

We can check this by performing the multiplication on the right hand side.

AN
Note i

(i) f (x+y+2)=0 then 2’ +y° +2° =3y
Some identities involving sum, difference and product are stated without proof
() 2° +y’' =(z+y) -3ay@+y) () 2"~y =(2—y) +32y@z -y

. Example 3.22 I
Find the product of

(2x + 3y + 42) (4:1:2 +9y° + 162" — 62y — 12y2 — 821)
Solution

We know that, (a+b+c)(a” +b° +c" —ab—bc—ca) =a’ +b" + ¢’ — 3abe

I 100 9t Standard Mathematics
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(27 + 3y + 42)(42” + 9y +162° — 6zy — 12yz — 82x)

. Example 3.23 I 5 s s
Evaluate 10" — 15" +5

= (22)" +(3y)’ + (42)° — 3(22)(3y) (42)
= 82" + 27y3 +64z° — T2xy2

Solution Replace
We know that, if ¢ +b+c¢= 0, then a’ + b’ + ¢’ = 3abe a by lgi)b I;Y—IE"
Here, a+b+c¢c =10—-154+5=0 4

Therefore, 10° + (—15)* +5° = 3(10)(—15)(5)

10> —15° +5° = —2250
@ Exercise 3.4 ]
1. Expand the following:
(i) (z+2y+32) (i) (—p+2q+ 3r)

(iii) 2p+3)2p—4)(2p—5) (iv) (3a+1)(3a—2)(3a+4)

2. Using algebraic identity, find the coefficients of #’, = and constant term without

actual expansion.

® (i) (z+5)(x+6)(x+T7) (i) (224 3)(2z—5)(2z —6)
3. If (z+a)(z+b)(z+c) =2’ +142” + 59z + 70, find the value of
(i) a+b+e (ii)%—l—%-l—% (iii) a” +b° +c* (i)
4. Expand: 3
(i) (3a — 4b)° (ii) |z + i
5. Evaluate the following by using identities:
(i) 98’ (i) 1001’

6. If (x+y+2z) =9and (zy + yz + 2z) = 26, then find the value of z° + 3 + 2°.

7. Find 27a" + 64b°, if 3a +4b =10 and ab = 2.
8. Find xg—yg,ifx—y:5 and zy = 14.

1

1
9. If a +— = 6, then find the value of a’ + —-
a a

1 1 1
10. If 2° + — = 23, then find the value of z +— and <’ + — -

T L x
1) 1

11. If [y — —] = 27, then find the value of y3 -
y Y
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12.  Simplify: (i) (2a + 3b 4 4¢)(4a” + 9b” +16¢” — 6ab — 12bc — 8ca)
(i) (z —2y + 32)(¢” + 49" + 92° + 2y + 6yz — 32)

13. By using identity evaluate the following:

(i) 7° —10° + 3° (i) 1+%—%

14. If 20 — 3y — 42z = 0, then find 8z° — 27y3 — 642,

3.5 Factorisation
Factorisation is the reverse of multiplication.

For Example : Multiply 3 and 5; we get product 15.
Factorise 15; we get factors 3 and 5.
For Example : Multiply (x + 2) and (x + 3); we get product @’ 45146,
Factorise z° + 5z + 6 ; we get factors (x + 2) and (x + 3).
_ (x+3)(x+2) : (x+3)(x+2)
§* z(z+2)+3(z +2) g z(z+2)+3(z +2)
S| P42c+32+6 S| 42 +30+6
® 2 +55+6 2 +55+6 ®

Thus, the process of converting the given higher degree polynomial as the product
of factors of its lower degree, which cannot be further factorised is called factorisation.

Two important ways of factorisation are :

(i) By taking common factor (ii) By grouping them
ab+ ac a+b—pa—pbdb
axb +axc (a+b)— p(a+b) group in pairs
a(b + ¢) factored form (a+0b)(1— p) factored form

When a polynomial is factored, we “factored out” the common factor.

. Example 3.24 I
Factorise the following:

(i) am +bm +cm (ii) a’ —a’b (iii) ba —10b — 4bc +2ac (iv) z4+y—1—zy

Solutions
(i) am+bm+cm (ii) a’ —a’b
am +bm + cm aa—a b group in pairs
m(a + b+ ¢) factored form a’ x (a —b) factored form

I 102 9t Standard Mathematics
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(iii) 5a —10b — 4bc + 2ac (iv) z4+y—1—uay (a-b)=—(b—a)
5a —10b 4 2ac — 4bc r—14+y—uzy
5(a —2b) + 2¢(a — 2b) (z—-1)+y1—2)
(@ —2b)(5+ 2c) (x—1)—y(z —1)

(e—1)(1—y)
3.5.1 Factorisation using Identity
(i) a° +2ab+b" = (a + b)2 (ii) o —2ab+b° = (a— b)2
(iii) a* = 0" = (a + b)(a — b) (iv)a® +b* + ¢ +2ab+2bc +2ca = (a+b+c)

V) o’ +b° =(a+b)(a® —ab+b>) (vi) a’ —b" = (a—b)(a* +ab+10)

(vii) @’ +0° 4+ ¢’ —3abc = (a+b+c)(a +b° + ¢ —ab—bec— ca)

AN
Note %

(@+b) +(a—0b) =20a’+b"); o' —b' =" +b")(a+b)(a—b)
(a+0b) —(a—0b) =4ab ; o’ —b° = (a+b)(a—b)(a —ab+0b)(a’ +ab+b°)

® “4 Progress Check ®

2 2 2 2
Prove: (i) [a+l] +[a —1] :2[(12 —1—%] (ii) [a—{—l] —[a—l] =4
a a a a a
. Example 3.25 I
Factorise the following:
(i) 92° + 122y + 4y° (ii) 25a° —10a + 1 (iii) 36m” — 497
(iv) 2’ — (v) ' —16 (vi) 7t + 4y2 +97° — dxy + 12yz — 62z
Solution
(i) 92 +12zy +4y° = (3z)° +2(32)(2y) + (29)’[.- a® + 2ab +b° = (a +b)’]
= (3z +2y)°
(ii) 250> —10a +1 = (5a)” —2(5a)(1) +1°
= (5a—1) o ab —2ab+ b z(a—b)Q}
(iii) 36m” —49n°. = (6m)* —(Tn)’

= (6m +7Tn)(6m —Tn) | a—b = (a~|—b)(a—b)}

gebra | 103 I
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(iv) -z = x(:c2 — 1)

= (x + 1)( 1)
(v) o' —16 = o' 2 at b =(a? +8")(a+b)(a )]
= (2" +2°)(z" =2
= (2" +4)(z+2)(z—2)
(vi) 2" +4y" + 92" — day + 12yz — 622
= (—2)" +(29)" +(32) +2(-2)(2y) +2(2)(32) +2(32)(—2)
= (—z+2y+32)° (or) (z—2y—32)

. Example 3.26 I
Factorise the following:

(i) 272" + 125y° (ii) 216m° — 343n’
(iii) 22" — 16xy3 (iv) 82" + 27y3 +642° — T2xyz
Solution

=60+ (69)’ [ (@ +8") =@+ )’ —ab+1)
— (32 + 5y)(30)° — (32) (50) +<5y>2)

= (3z + 5y) (92 — 152y + 25y°)

= 6m)’ ~ ()" | (@* = ") = (@ = b)(a” + ab+ 1)
— (6m~Tn) (<6m> + (6m)(Tn) + (mf)

= (6m —7n)(36m" + 42mn + 49n")

(i) 272’ +125¢°

(i) 216m’ — 343n’

(iii) 22" —16zy° = 2a¢(z” — 8y”)
— 9 (s —(2y)3) (@ =B = (a—b)(a® + ab +b2)]
= 20((z ~ 20)(a” + (@) 2y) + 20

= 2z(z — 2y) (x2 + 2xy + 4y2) —
Thinking Corner I

iv)  82° +27y +642° — 72
(iv) 8z Yy ? Ty Check 15 divides the following

(i) 2017 + 20183

= @) + @) +(4)° — 322) (3y) (42 (
(ii) 20183 - 19733

— (22 + 3y + 42) (42" + 9y” +162" — 62y — 1292 — 812)
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@ Exercise 3.5 ]

Factorise the following expressions:

(i) 2a° 4+ 4a°b + 8a’c (ii) ab —ac —mb + mc
Factorise the following:
() z° +4z+4 (i) 3a” —24ab +48b”  (iii) 2’ — 16z
(iv) m’ +i2—23 (v) 6 —2162° (vi) @’ +i2—18
m a

Factorise the following:

(i) 47° +9y° +252° + 122y + 30yz + 2022

(i) 252° +4y” + 92" — 202y + 12y — 30z2

Factorise the following:

(i) 82° + 125y (i) 272" — 8y” (iii) a° — 64
Factorise the following:

(i) b+ 8y3 + 6xy —1 (ii) P —8m® —27n" —18Imn

3.5.2 Factorising the Quadratic Polynomial (Trinomial) of the type

aw2+bw+c, a=z0

® The linear factors of az’ + bz + ¢ will be in the form (kz + m) and (lz + n) ®
Thus, az’ +bz+c¢ = (kx4 m)(lz +n) = klz® + (Im + kn)z + mn
Comparing coefficients of °, = and constant term ¢ on both sides.
We have, a = kI, b= (Im+ kn) and ¢ = mn, where ac is the product of kl and mn
that is, equal to the product of Im and kn which are the coefficient of 2. Therefore
(kl x mn)=(Im x kn).
Steps to be followed to factorise az’ +bz+ec:
Step 1 : Multiply the coefficient of #” and constant term, that is ac.
Step 2 : Split ac into two numbers whose sum and product is equal to b and ac
respectively.
Step 3 : The terms are grouped into two pairs and factorise.
Productof Sumof Productof Sumof
. Example 3.27 I ) numbers numbers numbers numbers
Factorise 2z~ 4+ 15x 4 27 ac="54 b=15 ac=54 b=15
Solution 1 x 54 55  -1x-54 =55
Compare with az’ + bz + ¢ 2x27 29 -2x-27 =29
weget, a =2, b=15 ¢=27 3% 18 21 3x-18  -21
product ac = 2x27 = 54andsum b = 15 6x9 15 -6 % -9 -15
We find the pair 6, 9 only satisfies “b = 15" The required factors are 6 and 9
Algebra | 105
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and also “ac = 54”.
.. we split the middle term as 6z and 9z

22° + 152 +27 = 22" + 62 + 9z + 27
=2x(x+3)+9(z + 3)
=(z+3)2z+9)
Therefore, (z + 3) and (2z + 9) are the factors of 22° + 15z + 27 .

. Example 3.28 I )
Factorise 22" —152 427 Productof Sumof Productof Sum of

Solution numbers numbers numbers numbers
Compare with az” + bz + ¢ ac=54 b=-15 ac=54 b=-15
a=2 b=—15 ¢c=27 1 x 54 55 -1x-54 -55
product ac = 2x27 = 54, sum b=-15 2x27 29 2x-=27 =29
.. we split the middle term as -6z and -9z SRABES 2l SCASSCE 2l
6x9 15 -6 x -9 -15

22" — 152 +27 = 21" — 6z — 9x +27
= 2z(x — 3) —9(z — 3)
= (z—3)(2z —9)
Therefore, (z — 3) and (2z —9) are the factors of 22° — 153 + 27.

@ . Example 3.29 I ) ®
Factorise 22" + 152 — 27 Productof Sumof Product Sum of

The required factors are -6 and -9

Solution numbers numbers of numbers numbers
Compare with az’ + bz + ¢ ac=-54 b=15 ac=-54 b=15
Here, a =2, b =15, ¢ = —27 -1x54 53 1 x-54 -53
product ac = 2x-27 = -54, sum b=15 -2 X27 25 2% =27 =25
.. we split the middle term as 182 and -3z ks L= sl -15

-6x9 3 6 x -9 -3

22" +152 —27 =22" +182—35—27  The required factors are -3 and 18
=2z(x +9)—3(z+9)
=(z+9)(2z—3)
Therefore, (z + 9) and (2z — 3) are the factors of 22” + 15z — 27.

' Example 3.30 I 5 Productof Sumof Productof Sumof
Factorise 22~ —15x — 27

numbers numbers numbers numbers

Solution 2 ac=-54 b=-15 ac=-54 b=15
Compare with az” +bz + ¢ -1 x54 53 1 x =54 -53
Here,a =2, b=—15, ¢=-27 ~2x27 25 2x-27 =25
product ac = 2x-27=-54, sum b=-15 -3 x 18 15 3x-18 -15
.. we split the middle term as -18z and 3z -6 X9 3 6 x -9 -3

The required factors are 3 and -18
I 106 | 9t Standard Mathematics
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22" — 150 —27 = 24" —18z + 32 — 27
=2z(x —9)+ 3(x —9)
= (z—9)(2z +3)
Therefore, (z —9) and (2z + 3) are the factors of 2z° — 15z — 27

. Example 3.31 I )
Factorise (z+y) + 9(z +y)+20

Solution Productof Sumof Productof Sumof
Let 2 +y = p, we get p2 +9p + 20 numbers numbers numbers numbers
Compare with az’ + bz + c, ac=20 ol ac=20 o=

1x20 21 -1 x-20 =21
Weget a=10=9 c=20 2% 10 12 2x-10 -12
product ac = 1x20 = 20, sum b=9 4x%x5 9 -4x -5 -9

.. we split the middle term as 4p and 5p The required factors are 4 and 5

P 4+9p+20 =p +4p+5p+20

=p(p+4)+5(p+4)
=(p+4)(p+5)
® Put, p=x+y weget, (z+1) +9(x+y)+20=(z+y+4)(z+y+5) ®
@ Exercise 3.6 ]
1.  Factorise the following:
(i) z° +10z +24 (i) 2° +4z—12 (i) p°—6p—16
(iv) ¢ 4+72—17¢ v) 4> —16y—80 (vi) a” +10a — 600

2. Factorise the following:
(i) 2a* + 9a + 10 (i) 52" —29zy —42y°  (iii) 9— 187 + 82°
(iv) 61" + 16xy + 8y2 (v) 1227 + 36:1:2y + 27y2x2

(vi) (a+b)2 +9(a+b)+18

3. Factorise the following:
(i) (p— q)2 —6(p—q)—16 (ii) m® + 2mn — 24n° (iii) \/ga2 + 2a — 3\/5
(iv) a' —3a° +2 (v) 8m’ —2m’n — 15mn’ (vi) % + % + 2
z Y Y
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3.6 Division of Polynomials
Let us consider the numbers 13 and 5. When 13 is divided by 5 what is the quotient

and remainder.?

Yes, of course, the quotient is 2 and the remainder is 3. We write 13 = (5x2)+3

Let us try.
Divide Expressed as = Remainder Divisor
11 by 4 (4x2)+3 3 4
22by 11 (11x2)+0 0 11

Dividend = ( Divisor x Quotient ) + Remainder.

From the above examples, we observe that the remainder is less than the divisor.

3.6.1 Division Algorithm for Polynomials

Let p(x) and g(x) be two polynomials such that degree of p(x)> degree of g(x) and
g(x) # 0. Then there exists unique polynomials g(x) and r(x) such that

p(x) = gx)Xqx) + r(x) .. (1)

where r(x) = 0 or degree of r(x) < degree of g(x).

The polynomial p(x) is the Dividend, g(x) is the Divisor, g(x) is the Quotient and

r(x) is the Remainder. Now (1) can be written as

Dividend = ( Divisor x Quotient ) + Remainder.

words, g(x) divides p(x).

If (x) is zero, then we say p(x) is a multiple of g(x). In other

If it looks complicated, don’t worry! it is important to know how to divide

polynomials, and that comes easily with practice. The examples below will help you.

. Example 3.32 I
Divide x’— 4x’+ 6x by x, where, x #0

Solution
We have3 , \ ,
X —4x +6x _ L_4L+67X)x¢0
X X X X
=x"—4x+6

. Example 3.33 I
Find the quotient and the remainder when (5x* — 7x + 2) + (x — 1)

Solution
5x* = 7x+2)+(x— 1)
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5x-2
x-1[5x"—Tx+2 2
5x* — 5x M %: X
(<) (+) i =
_2x+2 (ii) 5x(x-1) = 5x>-5x
~2x+2 (i) — % = -2
(+)O (-) (iv) —2(x-1) = (-2x+2)

~ Quotient = 5x-2  Remainder =0

. Example 3.34 I
Find quotient and the remainder when f(x) is divided by g(x)

(i) flx) = (Bx7-6x*+15x-7), g(x) = 2x+1. (i) fle) =x*-3x" +5x2-7,g(x) =x*+ x + 1
Solution
(i) flx) = (8x°-6x+15x-7), g(x) = 2x+1  (ii) flx) =x*-3x° +5x*-7,g(x) =x*+ x + 1
4x> - 5x + 10 x* -4x+8
2x + 1| 8x3-6x*+15x-7 X+x+ 1| xt-3x°+5x2+ 0x-7
8x° +4x X+ o
® () ) ) O O ®
-10x?+ 15x —4x° + 4x* + 0x
-10x? - 5x —4x® - 4x* - 4x
+) ) 4 (5 0
20x -7 8x* + 4x - 7
20x +10 8x*+ 8x +8
O O CHONE
-17 -4x - 15
~ Quotient = 4x?>-5x+ 10 and ~ Quotient = x?-4x+ 8 and
Remainder =-17 Remainder = -4x - 15

3.6.2 Synthetic Division

Synthetic Division is a shortcut method of polynomial division. The advantage of
synthetic division is that it allows one to calculate without writing variables, than long
division.

. Example 3.35 I 3 )
Find the quotient and remainder when p(z) = (32" — 22" — 5+ 7x)

is divided by d(x) = x + 3 using synthetic division.
Algebra | 109 NN
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Solution
Step1  Arrange dividend and the divisor in standard form.
37" —22° + 72 -5 (standard form of dividend)
x4+ 3 (standard form of divisor)
Write the coefficients of dividend in the first row. Put ‘0’ for missing term(s).
3 -2 7 -5 (first row)

Step2  Find out the zero of the divisor.
x+ 3 =0 implies x = —3

Step3  Write the zero of divisor in front of dividend in the first row. Put ‘0’ in the first
column of second row.

-3 3 -2 7 -5 (first row)

0 (second row)

Step4  Complete the second row and third row as shown below.

-3 3 -2 7 -5 (first row)
0 -3x3 -9 3x-11_ 33 -3x40 _ -120 (second row)
® 3| 11— 40— _125 (third row) ®

All the entries except the last one in the third row are the coefficients of the quotient.

Then quotient is 32> ~11z 440 and remainder is —125.

' Example 3.36 I 5 )
Find the quotient and remainder when (32" — 4z~ —5) is divided

by (3z+1) using synthetic division.

Solution To find the

Let p(x) = 3% —42% — 5, d(z) = (3z +1) zero of 3x+1;

Standard form: p(z) = 32° — 42 +0x—5 and d(z) =3z +1 put 3z+1=0
we get 3z = -1

4 3 4 0 -5 1
3 0 -1 5 5
3 9
3 -5
] —50 (remainder)
3 9
31" —412° — 5 = :1;—1—l 3$2—5Q;+§ _ 90
3 3 9
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32" — 42" — 5 :foi x2—§:1:—|—§ _0
3 9] 9

— [%J (since, p(z) =

Hence the quotient is [:E2 — gx + g and remainder is _T

d(z)q(z) +1)

. Example 3.37 I . 5 )
If the quotient on dividing z + 102" + 352" + 50z + 29 by (z +4)

is 2° — az’ + bz + 6, then find the value of a, b and also remainder.
Solution
Let p(z) = z' +102” + 352" + 50z + 29

Standard form = 2" + 10z° + 352 + 502 + 29
Coefficient are 1 10 35 50 29

1 10 35 50 29
0 -4 -24 -44 -24

-4

To find the
zero of x+4;

put z+4=0

we get =4

1 6 11 6 5 (remainder)

quotient 2’ 4+ 65" +112 46 is compared with given quotient 2’ —az’ +bz+6

coefficient of z° is 6 = —a and coefficient of z is 11 =15

Therefore, a = —6, b =11 and remainder= 5.

@ Exercise 3.7 ]

1. Find the quotient and remainder of the following.

(i) (4> + 6x? - 23x+18) + (x+3) (ii) (8y° - 16y* + 16y -15) + (2y-1)
(iii) (8x>-1) = (2x-1) (iv) (-18z+ 14z* + 242> +18) + (3z+4)

S

The area of a rectangle is x* + 7x + 12. If its breadth is (x+3), then find its length.
The base of a parallelogram is (5x+4). Find its height, if the area is 25x2-16.

The sum of (x+5) observations is (x>*+125). Find the mean of the observations.

5. Find the quotient and remainder for the following using synthetic division:
() (" +3° -T2 —3) = (z—3) (i) (z°+22° —z—4)=(z+2)
(iii) (32" —22° + 72 —5)+ (z 4 3) (iv) (8z" —2z° + 6z +5)+ (4z +1)
6. If the quotient obtained on dividing (82" —24” + 62 —7) by 2z +1) is

(42” + pz”® — gz + 3), then find p, q and also the remainder.

‘ ‘ 3 Algebra_TermZ.indd 111 @

Agebra | 111 I

26-12-2019 13:40:28‘ ‘



| T T ] ® CH ||

www.tntextbooks.in

7. If the quotient obtained on dividing 32° +112° + 34z +106 by z —3 is 32 +az +b,
then find a, b and also the remainder.

3.6.3 Factorisation using Synthetic Division

In this section, we use the synthetic division method that helps to factorise a cubic
polynomial into linear factors. If we identify one linear factor of cubic polynomial p(z)
then using synthetic division we can get the quadratic factor of p(x). Further if possible
one can factorise the quadratic factor into linear factors.

AY
Note i

® For any non constant polynomial p(z), = a is zero if and only if p(a) = 0
® z—a is a factor for p(z) if and only if p(a) = 0 (Factor theorem)

To identify (z— 1) and (z+ 1) are the factors of a polynomial

® (2-1) isafactor of p(z) if and only if the sum of coefficients of p(z) is 0.

® (z+1) is a factor of p(z) if and only if the sum of the coefficients of even power of z,
including constant is equal to the sum of the coefficients of odd powers of z

. Example 3.38 I 5 )
(i) Prove that (z —1) is a factor of z° — 72" + 132z —7

(ii) Prove that (z +1) is a factor of z° 4+ 72° + 13z +7
Solution
(i) Let p(z)=2"—72" +132—7
Sum of coefficients =1-7+13 -7 =0
Thus (x —1) is a factor of p(x)

(i) Let g(z) =2’ + 72" + 13z +7
Sum of coefficients of even powers of z and constant term =7 + 7 = 14
Sum of coefficients of odd powersof z=1+ 13 =14

Hence, (z +1)is a factor of ¢(z)

. Example 3.39 I 5 )
Factorise z° 4+ 13z~ + 322 + 20 into linear factors.

Solution
Let, p(z) =z’ 4132 + 32z + 20
Sum of all the coefficients=1+13 + 32+ 20 = 66 = 0
Hence, (z —1) is not a factor.
Sum of coefficients of even powers and constant term = 13 + 20 = 33

Sum of coefficients of odd powers =1+ 32 =33

Hence, (z +1) is a factor of p(z)

Now we use synthetic division to find the other factors
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Method I Method I1
-1 13 32 20 -1 13 32 20
0 -1 -12 -20 -1 =12 =20
-2 1 12 20 0 (remainder) 12 20 0 (remainder)
S )
0 0 Then p(z) = (z +1)(z° + 12z + 20)
1 10 0 (remainder)
2 2
p(z) = (z +1)(z +2)(z + 10) Now z” +12x+20=2" 4+ 10z + 2z + 20
=z(z +10) + 2(z + 10)
Hence,
2 +132% + 322 + 20 =(z+2)(z +10)
=(z+1)(z +2)(z +10) Hence, z° + 13z + 32z + 20
=(x+1)(z+2)(x +10)
. Example 3.40 I 5 )
Factorise " — 52" —2x+ 24
Solution

‘ ‘ 3 Algebra_TermZ.indd 113

Let p(z) =2’ —ba’ — 2z +24
When 7= 1,p1)=1-5-2+24=18=0

When z = -1, p(-1)=—1-5+2+24=20=0

(r —1)isnota factor.
(r +1)isnota factor.

Therefore, we have to search for different values of = by trial and error method.

When z = 2
p2) = 2° —5(2) —2(2) +24
=8-20—4+24
=8=0 Hence, (2-2) is not a factor
When z = —2

p(—2)= (~2)" —5(~2) —2(~2)+24
—8—20+4+24

p(=2)=0
Hence, (z+2) is a factor

-2 1 -5 =2 24
0 -2 +14 -24

3 1 -7 12 0 (remainder)
0 3 -12
1 -4 0 (remainder)

Thus, (z +2)(z — 3)(x —4) are the factors.

Check whether 3 is a zero of
x> —Tx +12. Ifitis not, then
check for -3 or 4 or -4 and so

on.

Therefore, z° —5z° —22° +24 = (z+2)(z — 3)(z — 4)

gebra | 113 I
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@ Exercise 3.8 ]

1. Factorise each of the following polynomials using synthetic division:

(i) 2* —3z° —10z+24 (i) 2¢° —32° -3z +2
(iii) —7z 434+ 42° (iv) 2° + 4% —142—24
V) 2 —7r+6 (vi) ¢* —102% — 2 +10

3.7 Greatest Common Divisor (GCD)

The Greatest Common Divisor, abbreviated as GCD, of two or more polynomials is a
polynomial, of the highest common possible degree, that is a factor of the given two or more
polynomials. It is also known as the Highest Common Factor (HCEF).

This concept is similar to the greatest common divisor of two integers.

For example, Consider the expressions 14xy* and 42xy. The common divisors of 14
and 42 are 2, 7 and 14. Their GCD is thus 14. The only common divisors of xy* and xy are
x, y and xy; their GCD is thus xy.

14xy* =1 X2X7X xXyXy
42xy =1 X2X3IXT7XxXy
Therefore the requried GCD of 14xy* and 42xy is 14xy.

To find the GCD by Factorisation
(i) Each expression is to be resolved into factors first.
(ii) The product of factors having the highest common powers in those factors will be the GCD.

(iii) If the expression have numerical coefficient, find their GCD separately and then prefix it as a
coefficient to the GCD for the given expressions.

. Example 3.41 I
Find GCD of the following:

(i) 16:E3y2, 24:[:y32

(i) (y"+1) and (y° —1)

(iii) 27" —18 and z° — 22— 3

(iv) (a—b), (b— 0)3, (c— a)4
Solutions

(i) 162°y° =2x2x2x2x2°y’ = 2" x 2’ xy” = 2 x2x2” x 2 x ¢y’

I 114 9t Standard Mathematics
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27y’ r = 2x2x2x3x e Xy xz2=2"x3xaxy’ X2 =2 xIxrxyxy’ X2
Therefore, GCD = 231:y2
(M) o' +1=y¢" +1"=(y+ 1)@y —y+1)
y 1=y —U=(y+1)y-1
Therefore, GCD = (y + 1)
(i) 22" —18=2(z"—9)=2(z" —3") =2z + 3)(z — 3)
2 —2—-3=2"-3z+2-3
= 2(z —3)+ 1(z — 3)
=(z—3)(z+1)

Therefore, GCD = (z — 3)

(iv) (a—b), (b—c)’, (c—a)'
There is no common factor other than one.

) Therefore, GCD =1 &

@ Exercise 3.9 ]

1.  Find the GCD for the following:

@ p’p" P’ (ii) 42°, y*, 2’

(iii) 9a°0°¢%, 15a°0°¢" (iv) 642°, 2402°

(v) ab2c3, a2b30, a’bc’ (vi) 35x5y3z4, 49x2yz3, 14xy2z2
(vii) 25ab3c, 100azbc, 125ab (viii) 3abce,b5xyz, Tpqr

2. Find the GCD of the following:

(i) 2z +5), (bz +2) (i) a™*, a"*?, 0"’
(iii) 2a° + a, 4a° —1 (iv) 3a2, 5b3, 7t
(v) ¢t — 1, 2 —1 (vi) a’ —9ax2, (a— 3:1:)2

gebra | 115 I
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3.8 Linear Equation in Two Variables

A linear equation in two variables is of the form ax + by + ¢ =0 where g, b and c are
real numbers, both a and b are not zero (The two variables are denoted here by x and y and
c is a constant).

Examples
Linear equation in two variables  Not a linear equation in two variables.
2x+y =4 xy+2x = 5 (Why?)
1
—5x+ = =y Jx +\Jy = 25 (Why?)
5x = 35y x(x+1) = y (Why?)

If an equation has two variables each of which is in first degree such that the variables are
not multiplied with each other, then it is a linear equation in two variables (If the degree of an
equation in two variables is 1, then it is called a linear equation in two variables).

An understanding of linear equation in two variables will be easy if it is done along
with a geometrical visualization (through graphs). We will make use of this resource.

Why do we classity, for example, the equation 2x + y = 4 is a linear equation? You are
right; because its graph will be a line. Shall we check it up?

We try to draw its graph. To draw the graph of 2x + y = 4, we need some points on the
line so that we can join them. (These are the ordered pairs satisfying the equation).

To prepare table giving ordered pairs for 2x + y = 4. It is better, to take it as
y=4-2x. (Why? How?)

Whenx=-4, y=4-2(-4)=4+8 =12
Whenx=-2, y=4-2(-2)=4+4 =8
Whenx= 0, y=4-2(0) =4+0 =4
Whenx=+1, y=4-2(+1)=4-2 =2
Whenx=+3, y=4-2(+3)=4-6 =-2

Thus the values are tabulated as follows:

x-value _4 ) 0 1 3

y-value 12 8 4 2 -2

(To fix a line, do we need so many points? It is enough if we have two and probably one

more for verification.)

I 116 9t Standard Mathematics

‘ ‘ 3 Algebra_TermZ.indd 116 @ 26-12-2019 13:40:40‘ ‘



| T T ] ® CH ||

— www.tntextbooks.in

Scale
AY  kaxisilem=1 unit

(-4, 12 axis 1l cm = 2 units

[EN
A S

[IEN
(=]

(-2, 8

(0e]

(2]

0,4)

2 (1,2)

A
Y

i) (3,-2

Y Yr
Fig. 3.15

When you plot the points (-4,12), (-2,8), (0,4), (1,2) and (3,-2), you find that they all
® lie on a line.

®
This clearly shows that the equation 2z + y = 4 represents a line (and hence said to be
linear).
All the points on the line satisfy this equation and fy
hence the ordered pairs of all the points on the line are .
the solutions of the equation. iiiiith snanii
3 yaxis 1 cm =|1 unit
. Example 3.42 I
Draw the graph for the following: - 52}
. . 2 -
(i) y=3x-1 (ii) yz(g)x+3 1 z/
Solution :X' S g e = X:
(i) Let us prepare a table to find the ordered pairs _1 40, -1
of points for the line y=3x—1.
We shall assume any value for x, for our / g
convenience let us take —1, 0 and 1. 3
When x=-1, y=3(-1)-1=-4 (ol=t) g
vyY
When x=0, y=3(0)-1 =-1
When x=1, y=3(1)-1 =2 Fig. 3.16
tgebra | 117
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2 -1 0 1
y -4 -1 2
The points (x,y) to be plotted : AY  Scale
(0] x-axis Hem=Tunit
(_1,_4), (0,_1) and (1’2) y axis 1/lcm = 1 unit
i 'L ')erb (3x 5)
(ii) Let us prepare a table to find the i 2o A
ordered pairs of points il
2 30,3
for the line y=(—)x+3. ’
3 i lide
v
Let us assume -3, 0, 3 as x values. ;
(why?) HHH i
2 < 2 p >
When x=-3, y :5(—3)4—3: 1 xS g - 2 X
=
2 ¥
When x=0, y=3(0)+3 =3 \]
5 Fig. 3.17
When x =3, y:§(3)+3 =5
@ AY @
X
-3 0 3 : (1.8)
Scale
Y 1 3 5 xaxis 1 cm =1 unit
7. yaxis 1 cm =1 unit
The points (z,y) to be plotted :
2,6)
(_3)1)> (0)3) and (3)5)
3.8.1 Simultaneous Linear Equations
With sufficient background of graphing an (3,4)
equation, now we are set to study about system of
equations, particularly pairs of simultaneous equations. o
%
What are simultaneous linear equations? These 5 ¢\\,0
consists of two or more linear equations with the same
variables. 1 \
Why do we need them? A single equation like | it
224y =10 has an unlimited number of solutions. The | O SIS SRt eamed SRdneed X'
points (1,8), (2,6), (3,4) and many more lie on the Y
Fig. 3.18

graph of the equation, which means these are some of

its endless list of solutions. To be able to solve an equation like this, another equation needs to be
used alongside it; then it is possible to find a single ordered pair that solves both equations at the

same time.
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The equations we consider together in such settings make a meaningful situation and are
known as simultaneous linear equations.
Real life Situation to understand the simultaneous linear equations

Consider the situation, Anitha bought two erasers and a pencil for 310. She does not
know the individual cost of each. We shall form an equation by considering the cost of

eraser as ‘" and that of pencil as “y.
Thatis2z+ y =10 .. (1)

Now, Anitha wants to know the individual cost of an eraser and a pencil. She tries to

solve the first equation, assuming various values of z and .

2 x cost of eraser + 1 x cost of pencil = 10

2(1)+8 =10

." f— -
2(1.5)+7 =10 G2T8JA
2(2)+6 =10
2(2.5)+5 =10 Points to be plotted :
2(3)+4 =10 N 1 |15 2 |25] 3

y | 8|7 |6 |54

She gets infinite number of answers. So she tries to i
find the cost with the second equation. 9 (1,8) | Scale _
X axis 1 cmi 1 unit
Again, Anitha needs some more pencils Jate e Lt
7 (1.5,7)
and erasers. This time, she bought 3 erasers and
2,6
4 pencils and the shopkeeper received 330 as the i
total cost from her. We shall form an equation like (2555
the previous one.
(3,4)
The equation is 3z + 4y =30 ...(2)
Even then she arrives at an infinite number
of answers. N2
2 x_
3 x cost of eraser + 4 x cost of pencil = 30 ﬁ\x
3(2)+4 (6) = 30 \f
3(4)+4 (4.5) = 30 : i

3(8)+4 (1.5) =30 Fig. 3.19

gebra | 119 N
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Points to be plotted :

X121 4|6 |8

Y| 6 |45| 3 |15

While discussing this with her teacher, the teacher suggested that she can get a unique

answer if she solves both the equations together.

By solving equations (1) and (2) we have the cost of an eraser as 32 and cost of a

pencil as 6. It can be visualised in Ay

the graph. g (1,8)

Scale
xaxis 1 cm =1 uni

The equations we consider . \\ (155.7) yaxis 1 cm| = 1 unit

(2,6)

(=3

together in such settings make

a meaningful situation and are

known as simultaneous linear A

_~
VU"I
L2

N
T~~~
Can
S
wu
N

equations.

—~
(S¥)
Ny

~

/

Thus a system of linear

equations consists of two or more (6, 3)
linear equations with the same \2
X

variables. Then such equations =

/<

are called Simultaneous linear 1

A\
C;
equations or System of linear \

A

equations or a Pair of linear

¥

equations. Y

Fig. 3.20

. Example 3.43 I
Check whether (5, —1) is a solution of the simultaneous equations

x-2y=7and 2x+ 3y="7.
Solution
Given x-2y=7 ..(1)
2+ 3y="7 ...(2)
When z=5, y=-1we get
From (1) x-2y= 5-2(-1) =5+2=7whichis RHS of (1)
From (2) 2z + 3y =2(5) + 3(-=1) = 10-3 = 7 which is RHS of (2)

Thus the values x = 5, y = —1 satisfy both (1) and (2) simultaneously. Therefore (5,-1)
is a solution of the given equations.
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Progress Check

Examine if (3,3) will be a solution for the simultaneous linear equations

2z-5y-2=0and 2+ y- 6 = 0 by drawing a graph.

3.8.2 Methods of solving simultaneous linear equations
There are different methods to find the solution of a pair of simultaneous linear
equations. It can be broadly classified as geometric way and algebraic ways.

1. Graphical method 1. Substitution method
2. Elimination method

3. Cross multiplication method

Solving by Graphical Method

Already we have seen graphical representation of linear equation in two variables.
Here we shall learn, how we are graphically representing a pair of linear equations in two
variables and find the solution of simultaneous linear equations.

@ ' Example 3.44 I ®
Use graphical method to solve the following system of equations:

T+ y=52x-y=4.

Solution
Given z+y=5 ..(1) i
—y= Scale
zx y 4 “‘(2) 8 X ax;s lTem=2 m}ts
To draw the graph (1) is very easy. We can find the zand = ol me
y values and thus two of the points on the line (1). ‘\ A (0,/5)
When z =0, (1) gives y = 5. 4 %J,\\
s
Thus A(0,5) is a point on the line. 2 (3:2)
When y =0, (1) gives z=5. - Q A2, 0) \_(5, 0)
‘I O 4 4 6 v
Thus B(5,0) is another point on the line. & i BN X
Plot A and B join them to produce the line (1). ;f
Y/
To draw the graph of (2), we can adopt the same /IF©.9)
procedure. LiiE 2
Fig. 3.21
When z =0, (2) gives y = —4.
Thus P(0,—4) is a point on the line.
lgebra | 121 I
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When y =0, (2) gives z = 2.
Thus ()(2,0) is another point on the line.
Plot P and (); join them to produce the line (2).

The point of intersection (3, 2) of lines (1) and (2) is Note i
a solution.

The solution is the point that is common to both the S el (e HOveisty

lines. Here we find it to be (3,2). We can give the solution B ghe axmrer ebitsbiod 4o

correct and satisfies both
asx=3and y=2.
the given equations.

. Example 3.45 I
Use graphical method to solve the following system of equations:

3x+2y=6;6x+4y =8

Solution
Let us form table of values for each line and then fix the ordered pairs to be plotted.

Graph of 32+ 2y =6 Graph of 62+ 4y =8
x -2 0 2 -2 0 2
y 6 3 0 5 2 | -1
® Points to be plotted : Points to be plotted : ®
(_2)6)> (0’3)) (2>0) (—2,5), (0,2), (2,—1)
When we draw the graphs of these two rY
. : £ Scal
equations, we find that they are parallel and (=2,6) 6 i :;iizun;ts
they fail to meet to give a point of intersection. (r2, 5)\\ gl bamme it
As a result there is no ordered pair that can be \
x +4y +8 (0.3)
common to both the equations. In this case there 2 \ 342y =6

is no solution to the system.

Example 3.46 }, 710 \\i\ —4 X
Q Use graphical method \(2, 1)

to solve the following system of equations: ly

Y

y=2x+1;-4x+2y=2 Fig. 3.22

Solution
Let us form table of values for each line and then fix the ordered pairs to be plotted.

Graphof y=2x+1 Graph of —4z+2y =2
2y =4x+2
y =2x+1
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2x -4 -2 0 2 4 2x -4 | -2 0 2 4

1 1 1 1 1 1 1 1 1 1 1 1

y=2x+1 | -3 | -1| 1 3 5 y=2x+1| -3 | -1 ]| 1 3

Points to be plotted : Points to be plotted :

(-2,-3), (-1, -1),(0,1), (1,3), (2, 5) (-2,-3), (-1, -1), (0, 1), (1, 3), (2, 5)

Here both the equations are identical; they were 1Y / S
only represented in different forms. Since they are B / e
identical, their solutions are same. All the points on one - j’/ (2.5
line are also on the other! 1,3)

This means we have an infinite number of : /
solutions which are the ordered pairs of all the points  _ / il -
on the line. X _2/((2[)_1) 2 i §ix

. Example 3.47 I (—z/é)
The perimeter of a rectangle is 36 41
Y!

metres and the length is 2 metres more than three times /

the width. Find the dimension of rectangle by using the Fig. 3.23
method of graph. Iy
@ Solution 26 (826 @&
Let us form equations for the given | ., N
statement. f/
22

Scale
x axis 1 cm = 2 units
yaxis 1 cm = 2 units

Let us consider [ and b as the length and

n
(=)

breadth of the rectangle respectively.

Now let us frame the equation for the first

(5417)
statement (2,16) /

Perimeter of rectangle = 36

§om (4, 14
2(l+b)=136 3 4,14
5,(13)
36 12
I+b=— /
2 10 (8,10
[=18-b .. (1) 8 i -
v
18 18 18 18 18 4
-b -2 | 4| -5 | -8 2
[=18-b 16 14 13 10 < . >
X' 0  EP T [ YRR R AR
Points: (2,16), (4,14), (5,13), (8,10) vY Breadth
Fig. 3.24
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The second statement states that the length is 2 metres more than three times the width
which is a straight line written as [ =3b+2 .. (2)
Now we shall form table for the above equation (2).

3b 6 12 15 | 24

2 2 2 2 2
I=3b+2 8 14 | 17 | 26
Points: (2,8), (4,14), (5,17), (8,26)
The solution is the point that is common to both the lines. Here we find it to be (4,14).

We can give the solution to be b =4, [ = 14.

Verification :
2(l+b) = 36 ..(1) [ = 3b+2 ..(2)
2(14+4) = 36 14 = 3(4) +2
2x18 = 36 14 = 12+2
36 = 36 true 14 = 14 true

Exercise 3.10 ]

1.  Draw the graph for the followmg

(i) y=2x (ii) y=4x-1 (iii) y= (3)x+3 (iv) 3x+2y=14
2. Solve graphically
(i) x+y=7x—y=3 (ii) 3x+2y=4;,9x+6y—12=0
(iii) — +——1—+y 2
4 2 4
(v) y—2x+1;y+3x—6=0 (vi)x=-3;y=3

(iv) x—y=0; y+3=0

3. Two cars are 100 miles apart. If they drive towards each other they will meet in 1 hour.
If they drive in the same direction they will meet in 2 hours. Find their speed by using
graphical method.

Some special terminology
We found that the graphs of equations within a system tell us how many solutions are
there for that system. Here is a visual summary.

Parallel lines Coinciding lines

I m - I

One single solution No solution Infinite number of solutions
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® When a system of linear equation has one solution (the graphs of the
equations intersect once), the system is said to be a consistent system.

®  When a system of linear equation has no solution (the graphs of the equations
don’t intersect at all), the system is said to be an inconsistent system.

®  When a system of linear equation has infinitely many solutions, the lines are the
same (the graph of lines are identical at all points), the system is consistent.

Solving by Substitution Method

In this method we substitute the value of one variable, by expressing it in terms of the
other variable to reduce the given equation of two variables into equation of one variable
(in order to solve the pair of linear equations). Since we are substituting the value of one
variable in terms of the other variable, this method is called substitution method.

The procedure may be put shortly as follows:

Step 1: From any of the given two equations, find the value of one variable in terms of
the other.

Step 2: Substitute the value of the variable, obtained in step 1 in the other equation
and solve it.

Step 3: Substitute the value of the variable obtained in step 2 in the result of step 1 and
get the value of the remaining unknown variable.

' Example 3.48 I
® Solve the system of linear equations x+3y=16 and 2x—y=4 by 1)

substitution method.

Solution
Given x+3y=16 .. (1)
2x-y=4 .. (2)
Step 1 Step 2 Step 3 Solution
From equation (2) Substitute (3) in (1) Substitute x = 4 in (3) r=4
25—y =4 x+3y=16 y=2x—4 and
y=42x x+32x—4)=16 y=2(4)-4 y=4
peax4 L@ FrexT12=16 y=4
7x =28
r=4

. Example 3.49 I
The sum of the digits of a given two digit number is 5. If the digits are

reversed, the new number is reduced by 27. Find the given number.

Solution

Let zbe the digit at ten’s place and y be the digit at unit place.
Given that x+y=5 ...... (1)
lgebra | 125
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Tens Ones Value
Given Number T Y 10x + y
New Number
(after reversal) y . 10y+x
Given, Original number — reversing number=27
(10x+y)—(10y +x)=27
10x—x+y—-10y =27
Ix—-9y=27
= x—y=3 . (2)
Also from (1), y=5-=z .. (3)
Substitute (3) in (2) to get x —(5—x)=3 Verification :

x—54+x=3
2x =28
=4

Substituting x=4 in (3), weget y=5-x =5-4
y=1
Thus, 10x+y=10x4+1=40+1 =41.

Therefore, the given two-digit number is 41.

@Exercise 311 )

Solve, using the method of substitution

(i) 2x-3y=7; 5x+y=9

sum of the digits =5

X+y =5
4+1 =5
5 =5 true

Original number -

reversed number = 27
41 -14 =27
27 =27 true

(ii) 1.56+0.1y=6.2; 3x —0.4y =11.2

(iii) 10% of x+20% of y=24;3x—y=20 (iv) V2x—3y=L3x-~/8y=0

Raman’s age is three times the sum of the ages of his two sons. After 5 years his age

will be twice the sum of the ages of his two sons. Find the age of Raman.

The middle digit of a number between 100 and 1000 is zero and the sum of the other
digit is 13. If the digits are reversed, the number so formed exceeds the original

number by 495. Find the number.
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Solving by Elimination Method

This is another algebraic method for solving a pair of linear equations. This method is

more convenient than the substitution method. Here we eliminate (i.e. remove) one of the

two variables in a pair of linear equations, so as to get a linear equation in one variable which

can be solved easily.

The various steps involved in the technique are given below:

Step 1:

Step 2:

Step 3:
Step 4:

Multiply one or both of the equations by a suitable number(s) so that either the
coeflicients of first variable or the coeflicients of second variable in both the
equations become numerically equal.

Add both the equations or subtract one equation from the other, as obtained
in step 1, so that the terms with equal numerical coeflicients cancel mutually.
Solve the resulting equation to find the value of one of the unknowns.
Substitute this value in any of the two given equations and find the value of the
other unknown.

. Example 3.50 I
Given4a+3b =65 and a+2b=35 solve by elimination method.

Solution

Given,

(2) x 4 gives

Already (1) is

Verification :

4a+3b=65 ... 1) 4a+3b = 65 ..(1)

a+2b=35 ... (2) 4(5)+3(15) = 65

4a + 8b=140 A = (6

=) = )
4a + 3b = 65 65 = 65 True

a+2b = 35 .(2)

5b = 75 which gives b =15

Put b=15in (2): 5+2(15)= 35
a+ 2(15) = 35 which simplifies to a =5 5430 = 35
Thus the solution is a = 5, b = 15. 35 = 35 True

. Example 3.51 I
Solve for xand y: 8x—-3y=>5xy, 6x—5y=-2xy by the method of

elimination.

Solution

The given system of equations are 8x —3y =5xy (1)

6x—5y=-2xy ..(2)

Observe that the given system is not linear because of the occurrence of xy term. Also

note that if x =0, then y =0 and vice versa. So, (0,0) is a solution for the system and any other

solution would have both x#0 and y #0.
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Let us take up the case where x #0, y #0.

Dividing both sides of each equation by v,
8x 3y 5oy 8_3

we get, ———=5 ..(3)
Xy xy xy y X
6x 5y _ 2%y S 3.5
Xy xy Xy y X
1 1
Leta=—,b=—.
x Y
(3)&(4) respectively become, 86 —3a=5 ...(5)
6b—5a=-2 ...(6)

which are linear equations in @ and .
To eliminate a, we have, (5)X5=  40b—-15a=25 .....(7)
(6)x3= 18b—15a=—6 ....(8)

11 22
Now proceed as in the previous example to get the solution (2—3,5) .

11 22
Thus, the system have two solutions (—,—) and (0,0) .
23 31

@ Exercise 3.12 |

Solve by the method of elimination
(i) 2z-y=3; 3x+y=7 (ii) x-y=5; 3z+2y=25
Gii) ~+2 =145, 242 =15 (iv) 3Q2x+y) =7xp; 3(x+3y) = llxy
140 5 3 8 6
(V) =+5y=7;—+4y =5 (vi) 13x+11y=70; 11x+13y =74
X X
The monthly income of A and B are in the ratio 3:4 and their monthly expenditures
are in the ratio 5:7. If each saves X 5,000 per month, find the monthly income of each.
Five years ago, a man was seven times as old as his son, while five year hence, the man

will be four times as old as his son. Find their present age.

Solving by Cross Multiplication Method

The substitution and elimination methods involves many arithmetic operations,

whereas the cross multiplication method utilize the coefficients effectively, which simplifies

the procedure to get the solution. This method of cross multiplication is so called because

we draw cross ways between the numbers in the denominators and cross multiply the

coeflicients along the arrows ahead. Now let us discuss this method as follows:

I 28]
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Suppose we are given a pair of linear simultaneous equations such as
ax+b y+c=0 (1)

a,x+b,y +¢,=0 -(2)

such that 4 # ﬁ We can solve them as follows :
a, b
(1) x b, - (2) x b, gives by(a;x+byy +¢;) — b(a,x+byy+c,) =0

= x(ab,—a,b) = (bc, - byc))

X = (bic, — byey)
(a,b,— a,b,)

(1) X a,- (2) x a, similarly can be considered and that will simplify to

=

_ (64— ca)
(a,b, — a,b))
Hence the solution for the system is

o (bic, — bye)) _ (cia, — c,a,)
(a,b,— ab)’ (a,b, — a,b,)
This can also be written as
@ @
x _ y 1

bic, — by, ca,—c,a,  ab,—ab

which can be remembered as X ¥ 1
bl Cl al bl
bZ C2 612 bZ
. Example 3.52 I
Solve 3x—4y=10 and 4x+3y=5 by the method of cross
multiplication.
Solution

The given system of equations are

3x—4y=10 = 3x—-4y—-10=0 ...(1)
4x+3y=5 = 4x+3y-5=0 ... (2)
For the cross multiplication method, we write the co-efficients as
X y 1
-4 -10 3 -4

gebra | 129 N
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X _ y _ 1
(=4)(=5)-(3)(=10) (-10)(4)—=(=5)(3) (3)(3)—(4)(-4)
X _ Y _ 1 ficati
(20)~(-30)  (~40)~(-15)  (9)~(-16) Verification:
3x-4y = 10 ...(1)
x y _ 1
20430 —40+15 9+16 3(2)-4(-1) = 10
x_y _1 6+4 =10
00 =25 25 10 = 10 True
50 —25
Therefore, we get xX=— =— 4x+3y = 5 ..(2)
wes 25 7 25 ’
4(2) +3(-1) = 5
ey @) +3(-1)
8-3 =5
Thus the solution is x =2, y=-1.
5=5 True
. Example 3.53 I
Solve by cross multiplication method: 3x+5y=21; -7x -6y =—49

Solution
The given system of equations are 3x+5y —21=0; —7x—6y+49=0
Now using the coefficients for cross multiplication, we get,

x y 1
5 -21 3 5
>< >< >< Verification :
-6 49 -7 -6 3x+5y = 21 ..(1)
N X B ¥ B 1 3(7)+5(0) = 21
(5)(49) - (=6)(-21) (=21)(-7)-(49)(3) (3)(=6)—(=7)(5) 21+0 = 21
x_r_1 21 = 21 True
o017 7x-6y = —49..(2)
1 1
N I ~7(7) - 6(0) = -49
119 17 0 17
= T VT 49 = -49 True
= x=7, y=0
AN
Note i
1 0
Here %: It is to mean y= e Thus, % is only a notation and it is not division by

zero. It is always true that division by zero is not defined.
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Exercise 3.13 ]

1. Solve by cross-multiplication method

(i) 8x—3y=12; 5x=2y+7 (ii) 6x+7y—11=0; 5x+2y =13
2 3 3 1

(iii) Z+2=5;2——+9=0
x )y Xy

2. Akshaya has 2 rupee coins and 5 rupee coins in her purse. If in all she has 80 coins
totalling X 220, how many coins of each kind does she have.

3. Ittakes 24 hours to fill a swimming pool using two pipes. If the pipe of larger diameter
is used for 8 hours and the pipe of the smaller diameter is used for 18 hours. Only half
of the pool is filled. How long would each pipe take to fill the swimming pool.

3.8.3 Consistency and Inconsistency of Linear Equations in Two Variables
Consider linear equations in two variables say
ax+by+c =0 ..(1)
a,x+b,y+c, =0 ..(2) where a,,a,, b, b,, ¢, and ¢, are real numbers.

Then the system has :

a b
(i) aunique solution if —1#-1 (Consistent)
a, 9

a b ¢
(ii) an Infinite number of solutions if —L=-1=-1 (Consistent)
® ) a, b, ¢ ®
a c
(iii) no solution if —L=_1%1 (Inconsistent)

a, b, ¢

. Example 3.54 I
Check whether the following system of equation is consistent or

inconsistent and say how many solutions we can have if it is consistent.

(i)2x-4y =7 (ii) 4z + y=3 (iii) 4x+7 =21y
r-3y=-2 8r+2y=06 20+9=y
Solution
a b c Graphical ~ Algebraic
" Pairoflines b_l — Compe.lre the represen- inter-
No a, ) 6 ratios . .
tation pretation
(i) 22-4y=7 2 _ 5 -4 4 7 _ -7 4 ;t b Intersecting ~ Unique
5= 3y=—2 -3 3 -2 2 a, b lines solution
(i) 4z+y=3 4_1 1 3.1 a :ﬁzc_ Coil?ciding Infinite
87+2y=6 8 2 2 2 a, b ¢ lines many
solutions
(iii) 4z+ 7=2y 4 _, 2 _, 7 a _ﬁ ) o Parallel lines N(?
20+9=y 2 1 9 a, b ¢ solution
gebra | 131 I

‘ ‘ 3 Algebra_Terml.indd 131 @ 26-12-2019 13:41:28‘ ‘



| T T ] ® CH ||

www.tntextbooks.in

. Example 3.55 I
Check the value of k£ for which the given system of equations

kx+2y=3; 2x—3y=1 has a unique solution.

Solution Given linear equations are
kx+2y=3..(1) |ax+by+c =0
2x=3y=1...2) |a,x+b,y+c,=0

Here a, =k, b, =2,a,=2,b, =-3;

a b k2 4 4
For unique solution we take — # —L; therefore S*F S k#—, thatis k# 5
a4 b - -

. Example 3.56 I
Find the value of £, for the following system of equation has infinitely

many solutions. 2x—-3y=7; (k+2)x—(Q2k+1)y=32k-1)

Solution Given two linear equations are
2x-3y=7 ax+by+c =0
(k+2)x—-Q2k+1)y=32k-1) |a,x+b,y+c,=0

Here a,=2, by=-3, a,=(k+2), b,=—(2k+1), ¢,=7, ¢,=312k~-1)

e . . a b ¢
For infinite number of solution we consider —- =

9 _4
a, b, ¢

2 -3 7
k+2 —-Qk+1) 32k-1)
2 -3 -3 7
k+2 —(2k+1) —k+1) 32k-1)
202k +1)=3(k +2) 92k —1)=7(2k +1)
4k +2=3k+6 18k —9=14k+7
k=4 4k =16
k=4

' Example 3.57 I
Find the value of £ for which the system of linear equations 8x+5y =9;

kx+10y =15 has no solution.

Solution Given linear equations are
8x+5y=9 ax+by+c=0
kx+10y=15 |a,x+b,y+c,=0
Here a,=8,b,=5,¢,=9, a, =k,b, =10,c, =15

b, ¢ 8 5 9
For no solution, we know that 2L =-1# L and so, - =~ # —
a, b, ¢, k 10 15

80 =5k

k=16
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H  Activity - 3

)

Find the value of £ for the given system of linear equations satisfying the condition below:
(i) 2x+ky=1 3x—5y=7 has a unique solution
(ii) kx+3y=3; 12x+ky =6 has no solution
(iii) (k—3)x+3y=k; kx+ky =12 has infinite number of solution

Find the value of a and b for which the given system of linear equation has infinite
number of solutions 3x —(a+1)y=2b—-1, 5x+(1-2a)y=3b

HOHN  Activity - 4

For the given linear equations, find another linear equation satisfying each of the given condition

. . Another linear equation
Given linear Infini
equation Unique Solution nitnite many No solution
solutions
2x+3y =7 3x+4y =8 4x+6y = 14 6x+9y =15
3x-4y =5
y-4x =12
5y-2x =8
® @Exercise 3.14 ]
Solve by any one of the methods

1.  The sum of a two digit number and the number formed by interchanging the digits is
110. If 10 is subtracted from the first number, the new number is 4 more than 5 times
the sums of the digits of the first number. Find the first number.

2. The sum of the numerator and denominator of a fraction is 12. If the denominator is

1
increased by 3, the fraction becomes E . Find the fraction.

3. ABCD is a cyclic quadrilateral such that ZA = (4y + 20)°, £B = (3y -5)°,
ZC=(42)° and £D = (7x+ 5)°. Find the four angles.

4. On selling a T.V. at 5% gain and a fridge at 10% gain, a shopkeeper gains 32000.
But if he sells the T.V. at 10% gain and the fridge at 5% loss, he gains Rs.1500 on the
transaction. Find the actual price of the T.V. and the fridge.

5. Two numbers are in the ratio 5 : 6. If 8 is subtracted from each of the numbers, the
ratio becomes 4 : 5. Find the numbers.

6. 4 Indians and 4 Chinese can do a piece of work in 3 days. While 2 Indians and 5

‘ ‘ 3 Algebra_TermZ.indd 133

Chinese can finish it in 4 days. How long would it take for 1 Indian to do it? How long
would it take for 1 Chinese to do it?
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@Exerase 3.15 ]

Multiple choice questions

If x° + 6x* + kx + 6 is exactly divisible by (x + 2), then k=?
(1) -6 (2) -7 (3) -8 (4) 11

The root of the polynomial equation 2x + 3 =0 is
(1) % (2) % (3) 5 (4) -3
The type of the polynomial 4-3x° is

(1) constant polynomial (2) linear polynomial
(3) quadratic polynomial (4) cubic polynomial.

If ! + 51 is divided by x + 1, then the remainder is
(1) 0 2) 1 (3) 49 (4) 50

The zero of the polynomial 2x+5 is

(13 (2) -3 (3) 2 (4)-%

F"I"HIlE

The sum of the polynomials p(x) = x° - x* - 2, g(x) = x*-3x+ 1
(D) x*-3x-1 Q)x*+2x*-1 (3) x*-2x*-3x (4) x*-2x*>+ 3x -1

Degree of the polynomial (y°-2)(y° + 1) is

(1)9 (2) 2 (3) 3 (4) 6
Let the polynomials be

(A) -13¢° + 49> + 12q (B) (x +4)(x?+9)
(©)4q°-q°+ ¢’ (D) - 7y Tty Aty

Then ascending order of their degree is

(1) A,B,D,C (2) AB.CD (3) B,.CD,A (4) B,A,C,D

If p(a) = 0 then (z —a) isa of p(z)
(1) divisor (2) quotient  (3) remainder

Zeros of (2—3x) is
(1)3 2)2 3) %

Which of the following has x —1 as a factor?
(1) 2z —1 (2) 3z -3 (3) 4z —3

If z — 3 is a factor of p(z), then the remainder is

(1)3 (2) -3 (3) p(3)
(z +y)(z° — 2y +¢°) is equal to
(1) (@ +y)’ @) -y’ G’ +y’

9t Standard Mathematics

(4) factor

3
(4) 2

(4) 3x—4

(4) p(-3)

(4) $3_y3
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14. (a+b—c) isequalto__

(1) (a—b+c) 2) (ma—b+c¢f B)(a+b+c) @) (a—b—c)
15.  If (z +5) and (z — 3) are the factors of az’ + bz + ¢, then values of a, b and c are
(1) 1,2,3 (2) 1,2,15 (3) 1,2, -15 (4)1,-2,15
16.  Cubic polynomial may have maximum of linear factors
(1)1 (2)2 (3)3 (4) 4
17.  Degree of the constant polynomialis
(1)3 (2) 2 (3)1 (4)0
19.  Find the value of m from the equation 2x+3y=m. If its one solution is x =2 and
y==2.
(1) 2 (2) -2 (3) 10 (4)0
20.  Which of the following is a linear equation
(1) x++=2 () x(x=1=2 (3) 3x+5=> (4) X' —x=5
x
21.  Which of the following is a solution of the equation 2x—y =6
22.  If(2,3) is a solution of linear equation 2x+3y =k then, the value of k is
® ®
(1) 12 (2)6 (3)0 (4) 13

23.  Which condition does not satisty the linear equation ax+by+c¢=0
(1) a#0,b=0 (2) a=0,b#0
(3) a=0,b=0,c#0 (4) a#0,b#0
24.  Which of the following is not a linear equation in two variable
(1) ax+by+c=0 (2) 0x+0y+c=0
(3) Ox+by+c=0 (4) ax+0y+c=0
25.  'The value of % for which the pair of linear equations 4x+6y—1=0 and
2x+ky —7=0 represents parallel lines is

(1) k=3 (2) k=2 (3) k=4 (4) k=-3
26. A pair of linear equations has no solution then the graphical representation is

(1) (2) (3) (4)

l / ol m
m !
l m
I
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b
If 2% 2L where ax+by+c =0and a,x+b,y+c, =0 then the given pair of linear

a, b
equation has solution(s)
(1) no solution (2) two solutions (3) unique (4) infinite
b
If Z—l = b_l # z—l where ax+by+c¢, =0 and a,x+b,y+c, =0 then the given pair of
2 2 2
linear equation has solution(s)
(1) no solution (2) two solutions (3) infinite (4) unique
GCD of any two prime numbers is
(1) -1 (2)0 (3)1 (4)2
The GCD of z* — y4 and o y2 is
2
)z —y' @z -y ) @ty (4) (z+y)'

Points to Remember

M An algebraic expression of the form p(x)= a.x"+ @, . x" '+ ..+ X’ + ax+ a
is called Polynomial in one variable x of degree ‘n’ where ay,a,a,...a, are

constants (a, # 0) and n is a whole number.

B Let p(x) be a polynominal. If p(a) = 0 then we say that ‘a’ is a zero of the
polynomial p(x)

B If x=a statisfies the polynominal p(x) = 0 then x = a is called a root of the
polynominal equation p(x) = 0.

B  Remainder Theorem: If a polynomial p(x) of degree greater than or equal
to one is divided by a linear polynomial (x-a), then the remainder is p(a),
where a is any real number.

B Factor Theorem
If p(z) is divided by (2 — a) and the remainder p(a) = 0, then (z —a) is a
factor of the polynomial p(z)

B Solution of an equation is the set of all values that when substituted for unknowns
make an equation true.

B An equation with two variable each with exponent as 1 and not multiplied with
each other is called a linear equation with two variables.

B Linear equation in two variables has infinite number of solutions.
The graph of a linear equation in two variables is a straight line.

B Simultaneous linear equations consists of two or more linear equations with the
same variables.
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Step - 1

Open the Browser and copy and paste the Link given
below (or) by typing the URL given (or) Scan the QR Code.

Step - 2 GeoGebra Work Book called “Polynomials and Quadratic
Equations” will appear. There are several work sheets in this work
Book. Open the worksheet named “Zeroes: Quadratic Polynomial”.

Step-3  Drag the sliders a, b and ¢ to change the quadratic co-efficient. Follow the
changes in points A and B where the curve cuts the x-axis. These points are called
Zeroes of a Polynomial.

Browse in the link
Zeroes of Polynomials : https://ggbm.at/tgu3PpWm

www.tntextbooks.in

ICT Corner-1

Expected Result is shown in this picture

Step -1

ICT Corner-2

Open the Browser, type the URL Link given below (or) Scan the QR
Code. GeoGebra work sheet named “Algebraic Identities” will open. In the work
sheet, there are many activities on Algebraic Identities.

(O] In the first activity diagrammatic approach for (a+b)? is given. Move the
sliders a and b and compare the areas with the Identity given.

Step - 2 Similarly move the sliders a and b and compare the areas with the
remaining Identities.

Browse in the link
Algebraic Identities: https://ggbm.at/PyUj657Y or Scan the QR Code.

Expected Result is shown in this picture

=
|

5 ICT Corner-3

Step -1 Open the Browser by typing the URL Link given below
(or) Scan the QR Code. GeoGebra work sheet named “Algebra” will
open. There are three worksheets under the title Solving by rule of
cross multiplication, Graphical method and Chick-Goat puzzle.

Step - 2 Move the sliders or type the respective values in the respective boxes to
change the equations. Work out the solution and check the solutions. In third title click
on new problem and solve. Move the slider to see the steps.

Browse in the link = aLs
Algebra: https://ggbm.at/qampra4ta or Scan the QR Code. B566_9_MAT_EM_T3

Expected Result is shown
in this picture

‘ ‘ 3 Algebra_TermZ.indd 137

gebra | 137 I

26-12-2019 13:41:52‘ ‘



